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To develop an optimal operational scheme for distribution networks capable of addressing asymmetric uncertain-
ties associated with renewable energy and load demands, this paper presents a confidence level-based information
gap decision theory (CL-IGDT) framework. Building on IGDT, the proposed framework utilizes the confidence
level to capture the asymmetric characteristics of uncertainties and maximize the risk-averse capability of the
solution in a probabilistic manner. To facilitate such probabilistic consideration, the imprecise Dirichlet model
is employed to construct the ambiguity sets of uncertainties. Consequently, a two-stage robust optimal opera-
tion model for distribution networks using CL-IGDT is developed. An iterative method is proposed to solve the
model and determine the upper and lower bounds of the objective function. Case study demonstrates that the
proposed approach yields a more robust and statistically optimized solution with required accuracy compared
to existing methods, contributing to a reduction in first-stage cost by 0.84%, second-stage average cost by 6.7%,
and significantly increasing the reliability of the solution by 8%.

1. Introduction

Distribution networks (DNs) are increasingly integrating high shares
of renewable energy sources (RESs). The intermittent and volatile nature
of RESs, along with the uncertainty in load demands, can affect both the
economics and security of the networks [1]. Failure to appropriately ad-
dress uncertainty may increase operational costs due to actions such as
load shedding, RESs curtailment, and the need for excessive reserves.
Moreover, potential risks such as voltage violations and line overload-
ing may occur. These significant challenges to the optimal operation of
DNs may undermine the transition to more sustainable energy systems
[2]. Accordingly, numerous studies have been conducted to manage
the uncertainties associated with RESs and load demands, aiming to
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develop robust operational strategies that enhance the cost-effectiveness
and reliability of DNs.

Most research on the optimal operation of DNs under uncertainty
relies on varying levels of information about the random variables:
complete, partial, or none at all. Ref. [3] models the wind power
loss and line overloading as chance constraints using a truncated nor-
mal distribution, establishing a two-stage stochastic programming (SP)
model for unit commitment. Ref. [4] presents a two-stage stochastic dy-
namic economic dispatch model that effectively addresses wind power
uncertainty. This model improves cost efficiency and reliability by pre-
dispatching generator output to avoid network congestion in the first
stage and re-dispatching resources after the realization of the wind
scenarios. Ref. [5] incorporates multiple correlations of RESs through
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\begin {equation}\label {eq:obj1} \min \Lambda _1 = \sum _{t \in {\cal T}} \left (\sum _{i \in {\cal G}} c_i p_{i,t}^G + d_t p_t^{S}\right )\end {equation}


\begin {align}\label {eq:DGs_limit} &\underline {p}_{i}^{G} \leq p_{i,t}^G \leq \overline {p}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\ \label {eq:DGs_rampup} &p_{i,t}^{G} - p_{i,t-1}^{G} \leq RU_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\\ \label {eq:DGs_rampdown} &p_{i,t-1}^{G} - p_{i,t}^{G} \leq RD_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:DGs_limit} &\underline {p}_{i}^{G} \leq p_{i,t}^G \leq \overline {p}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\ \label {eq:DGs_rampup} &p_{i,t}^{G} - p_{i,t-1}^{G} \leq RU_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\\ \label {eq:DGs_rampdown} &p_{i,t-1}^{G} - p_{i,t}^{G} \leq RD_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:DGs_limit} &\underline {p}_{i}^{G} \leq p_{i,t}^G \leq \overline {p}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\ \label {eq:DGs_rampup} &p_{i,t}^{G} - p_{i,t-1}^{G} \leq RU_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\\ \label {eq:DGs_rampdown} &p_{i,t-1}^{G} - p_{i,t}^{G} \leq RD_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:ESSs_energy} &e_{i,t} = e_{i,t-1} + \eta _{B} p_{i,t}^{B+} \Delta t - \frac {p_{i,t}^{B-}}{\eta _{B}} \Delta t, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_limit} &\underline {e}_{i} \leq e_{i,t} \leq \overline {e}_{i}, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_charge} &0 \leq p_{i,t}^{B+} \leq z_{i,t} \overline {p}^{B+}, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_discharge} &0 \leq p_{i,t}^{B-} \leq (1-z_{i,t}) \overline {p}^{B-}, \forall i \in {\cal B}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:ESSs_energy} &e_{i,t} = e_{i,t-1} + \eta _{B} p_{i,t}^{B+} \Delta t - \frac {p_{i,t}^{B-}}{\eta _{B}} \Delta t, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_limit} &\underline {e}_{i} \leq e_{i,t} \leq \overline {e}_{i}, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_charge} &0 \leq p_{i,t}^{B+} \leq z_{i,t} \overline {p}^{B+}, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_discharge} &0 \leq p_{i,t}^{B-} \leq (1-z_{i,t}) \overline {p}^{B-}, \forall i \in {\cal B}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:ESSs_energy} &e_{i,t} = e_{i,t-1} + \eta _{B} p_{i,t}^{B+} \Delta t - \frac {p_{i,t}^{B-}}{\eta _{B}} \Delta t, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_limit} &\underline {e}_{i} \leq e_{i,t} \leq \overline {e}_{i}, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_charge} &0 \leq p_{i,t}^{B+} \leq z_{i,t} \overline {p}^{B+}, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_discharge} &0 \leq p_{i,t}^{B-} \leq (1-z_{i,t}) \overline {p}^{B-}, \forall i \in {\cal B}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:ESSs_energy} &e_{i,t} = e_{i,t-1} + \eta _{B} p_{i,t}^{B+} \Delta t - \frac {p_{i,t}^{B-}}{\eta _{B}} \Delta t, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_limit} &\underline {e}_{i} \leq e_{i,t} \leq \overline {e}_{i}, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_charge} &0 \leq p_{i,t}^{B+} \leq z_{i,t} \overline {p}^{B+}, \forall i \in {\cal B}, \forall t \in {\cal T}\\ \label {eq:ESSs_discharge} &0 \leq p_{i,t}^{B-} \leq (1-z_{i,t}) \overline {p}^{B-}, \forall i \in {\cal B}, \forall t \in {\cal T}\end {align}


$z_{i,t}$


\begin {align}\label {eq:power_balance} &\sum _{hi \in \mathcal {L}} p_{hi,t} - \sum _{ij \in \mathcal {L}} p_{ij,t} = p_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\ \label {eq:netload} &p_{i,t} = p_{i,t}^{G} + p_{i,t}^{B+} - p_{i,t}^{B-} + \tilde {p}_{i,t}^{PV} - \tilde {p}_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\end {align}


\begin {align}\label {eq:power_balance} &\sum _{hi \in \mathcal {L}} p_{hi,t} - \sum _{ij \in \mathcal {L}} p_{ij,t} = p_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\ \label {eq:netload} &p_{i,t} = p_{i,t}^{G} + p_{i,t}^{B+} - p_{i,t}^{B-} + \tilde {p}_{i,t}^{PV} - \tilde {p}_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\end {align}


$(p_{i,t})$


\begin {align}\label {eq:power_limit} -\overline {p}^{l} \leq p_{ij,t} \leq \overline {p}^{l}, \forall ij \in {\cal L}, \forall t \in {\cal T}\end {align}


$\hat {p}_{i,t}^G$


$\hat {q}_{i,t}^G$


$p_{i,t}^{PV}$


$p_{i,t}^L$


$(\Lambda _2)$


\begin {align}\label {obj2} \min \Lambda _2 = \sum _{t \in {\cal T}} \left (\sum _{i \in {\cal G}} \hat {c}_i \hat {p}_{i,t}^G + \hat {d}_t (\hat {p}_t^{S} - p_t^{S})\right )\end {align}


\begin {align}\label {eq:DGs_recourse} &\underline {\hat {p}}_{i}^{G} \leq \hat {p}_{i,t}^G \leq \overline {\hat {p}}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_reactive} &\underline {\hat {q}}_{i}^{G} \leq \hat {q}_{i,t}^G \leq \overline {\hat {q}}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate} &\widehat {p}_{i,t}^{G} = p_{i,t}^{G} + \hat {p}_{i,t}^G, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate_rampup} &\widehat {p}_{i,t}^{G} - \widehat {p}_{i,t-1}^{G} \leq RU_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate_rampdn} &\widehat {p}_{i,t-1}^{G} - \widehat {p}_{i,t}^{G} \leq RD_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:DGs_recourse} &\underline {\hat {p}}_{i}^{G} \leq \hat {p}_{i,t}^G \leq \overline {\hat {p}}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_reactive} &\underline {\hat {q}}_{i}^{G} \leq \hat {q}_{i,t}^G \leq \overline {\hat {q}}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate} &\widehat {p}_{i,t}^{G} = p_{i,t}^{G} + \hat {p}_{i,t}^G, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate_rampup} &\widehat {p}_{i,t}^{G} - \widehat {p}_{i,t-1}^{G} \leq RU_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate_rampdn} &\widehat {p}_{i,t-1}^{G} - \widehat {p}_{i,t}^{G} \leq RD_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:DGs_recourse} &\underline {\hat {p}}_{i}^{G} \leq \hat {p}_{i,t}^G \leq \overline {\hat {p}}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_reactive} &\underline {\hat {q}}_{i}^{G} \leq \hat {q}_{i,t}^G \leq \overline {\hat {q}}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate} &\widehat {p}_{i,t}^{G} = p_{i,t}^{G} + \hat {p}_{i,t}^G, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate_rampup} &\widehat {p}_{i,t}^{G} - \widehat {p}_{i,t-1}^{G} \leq RU_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate_rampdn} &\widehat {p}_{i,t-1}^{G} - \widehat {p}_{i,t}^{G} \leq RD_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:DGs_recourse} &\underline {\hat {p}}_{i}^{G} \leq \hat {p}_{i,t}^G \leq \overline {\hat {p}}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_reactive} &\underline {\hat {q}}_{i}^{G} \leq \hat {q}_{i,t}^G \leq \overline {\hat {q}}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate} &\widehat {p}_{i,t}^{G} = p_{i,t}^{G} + \hat {p}_{i,t}^G, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate_rampup} &\widehat {p}_{i,t}^{G} - \widehat {p}_{i,t-1}^{G} \leq RU_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate_rampdn} &\widehat {p}_{i,t-1}^{G} - \widehat {p}_{i,t}^{G} \leq RD_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:DGs_recourse} &\underline {\hat {p}}_{i}^{G} \leq \hat {p}_{i,t}^G \leq \overline {\hat {p}}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_reactive} &\underline {\hat {q}}_{i}^{G} \leq \hat {q}_{i,t}^G \leq \overline {\hat {q}}_{i}^{G}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate} &\widehat {p}_{i,t}^{G} = p_{i,t}^{G} + \hat {p}_{i,t}^G, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate_rampup} &\widehat {p}_{i,t}^{G} - \widehat {p}_{i,t-1}^{G} \leq RU_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\\[4pt] \label {eq:DGs_regulate_rampdn} &\widehat {p}_{i,t-1}^{G} - \widehat {p}_{i,t}^{G} \leq RD_{i}, \forall i \in {\cal G}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:power_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {p}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {p}_{ij,t} = \hat {p}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reactivepower_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {q}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {q}_{ij,t} = \hat {q}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:netload_2s} &\hat {p}_{i,t} = \widehat {p}_{i,t}^{G} + p_{i,t}^{B+} - p_{i,t}^{B-} + p_{i,t}^{PV} - p_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_netload_2s} &\hat {q}_{i,t} = \hat {q}_{i,t}^{G} - q_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_load_2s} &q_{i,t}^{L} = p_{i,t}^{L} \tan \delta _{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:voltage_2s} &\hat {v}_{i,t} - \hat {v}_{j,t} = (r_{ij}\hat {p}_{ij,t} + x_{ij}\hat {q}_{ij,t})/(1-\varphi _{ij}), \forall ij \in \mathcal {L}, \forall t \in \mathcal {T}\end {align}


\begin {align}\label {eq:power_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {p}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {p}_{ij,t} = \hat {p}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reactivepower_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {q}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {q}_{ij,t} = \hat {q}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:netload_2s} &\hat {p}_{i,t} = \widehat {p}_{i,t}^{G} + p_{i,t}^{B+} - p_{i,t}^{B-} + p_{i,t}^{PV} - p_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_netload_2s} &\hat {q}_{i,t} = \hat {q}_{i,t}^{G} - q_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_load_2s} &q_{i,t}^{L} = p_{i,t}^{L} \tan \delta _{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:voltage_2s} &\hat {v}_{i,t} - \hat {v}_{j,t} = (r_{ij}\hat {p}_{ij,t} + x_{ij}\hat {q}_{ij,t})/(1-\varphi _{ij}), \forall ij \in \mathcal {L}, \forall t \in \mathcal {T}\end {align}


\begin {align}\label {eq:power_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {p}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {p}_{ij,t} = \hat {p}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reactivepower_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {q}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {q}_{ij,t} = \hat {q}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:netload_2s} &\hat {p}_{i,t} = \widehat {p}_{i,t}^{G} + p_{i,t}^{B+} - p_{i,t}^{B-} + p_{i,t}^{PV} - p_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_netload_2s} &\hat {q}_{i,t} = \hat {q}_{i,t}^{G} - q_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_load_2s} &q_{i,t}^{L} = p_{i,t}^{L} \tan \delta _{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:voltage_2s} &\hat {v}_{i,t} - \hat {v}_{j,t} = (r_{ij}\hat {p}_{ij,t} + x_{ij}\hat {q}_{ij,t})/(1-\varphi _{ij}), \forall ij \in \mathcal {L}, \forall t \in \mathcal {T}\end {align}


\begin {align}\label {eq:power_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {p}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {p}_{ij,t} = \hat {p}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reactivepower_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {q}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {q}_{ij,t} = \hat {q}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:netload_2s} &\hat {p}_{i,t} = \widehat {p}_{i,t}^{G} + p_{i,t}^{B+} - p_{i,t}^{B-} + p_{i,t}^{PV} - p_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_netload_2s} &\hat {q}_{i,t} = \hat {q}_{i,t}^{G} - q_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_load_2s} &q_{i,t}^{L} = p_{i,t}^{L} \tan \delta _{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:voltage_2s} &\hat {v}_{i,t} - \hat {v}_{j,t} = (r_{ij}\hat {p}_{ij,t} + x_{ij}\hat {q}_{ij,t})/(1-\varphi _{ij}), \forall ij \in \mathcal {L}, \forall t \in \mathcal {T}\end {align}


$(\hat {p}_{i,t}/\hat {q}_{i,t})$


\begin {align}\label {eq:power_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {p}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {p}_{ij,t} = \hat {p}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reactivepower_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {q}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {q}_{ij,t} = \hat {q}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:netload_2s} &\hat {p}_{i,t} = \widehat {p}_{i,t}^{G} + p_{i,t}^{B+} - p_{i,t}^{B-} + p_{i,t}^{PV} - p_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_netload_2s} &\hat {q}_{i,t} = \hat {q}_{i,t}^{G} - q_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_load_2s} &q_{i,t}^{L} = p_{i,t}^{L} \tan \delta _{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:voltage_2s} &\hat {v}_{i,t} - \hat {v}_{j,t} = (r_{ij}\hat {p}_{ij,t} + x_{ij}\hat {q}_{ij,t})/(1-\varphi _{ij}), \forall ij \in \mathcal {L}, \forall t \in \mathcal {T}\end {align}


\begin {align}\label {eq:power_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {p}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {p}_{ij,t} = \hat {p}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reactivepower_balance_2s} &\sum _{hi \in \mathcal {L}} \hat {q}_{hi,t} - \sum _{ij \in \mathcal {L}}\hat {q}_{ij,t} = \hat {q}_{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:netload_2s} &\hat {p}_{i,t} = \widehat {p}_{i,t}^{G} + p_{i,t}^{B+} - p_{i,t}^{B-} + p_{i,t}^{PV} - p_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_netload_2s} &\hat {q}_{i,t} = \hat {q}_{i,t}^{G} - q_{i,t}^{L}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:reac_load_2s} &q_{i,t}^{L} = p_{i,t}^{L} \tan \delta _{i,t}, \forall i \in \mathcal {N}, \forall t \in \mathcal {T}\\[4pt] \label {eq:voltage_2s} &\hat {v}_{i,t} - \hat {v}_{j,t} = (r_{ij}\hat {p}_{ij,t} + x_{ij}\hat {q}_{ij,t})/(1-\varphi _{ij}), \forall ij \in \mathcal {L}, \forall t \in \mathcal {T}\end {align}


$\varphi _{ij}$


\begin {align}\label {eq:power_limit_2s} &-\overline {p}^{l} \leq \hat {p}_{ij,t} \leq \overline {p}^{l}, \forall ij \in {\cal L}, \forall t \in {\cal T}\\ \label {voltage_limit_2s} &\underline {v} \leq \hat {v}_{i,t} \leq \overline {v}, \forall i \in {\cal N}, \forall t \in {\cal T}\end {align}


\begin {align}\label {eq:power_limit_2s} &-\overline {p}^{l} \leq \hat {p}_{ij,t} \leq \overline {p}^{l}, \forall ij \in {\cal L}, \forall t \in {\cal T}\\ \label {voltage_limit_2s} &\underline {v} \leq \hat {v}_{i,t} \leq \overline {v}, \forall i \in {\cal N}, \forall t \in {\cal T}\end {align}


\begin {align}\label {d1} \min _{\boldsymbol {x},\boldsymbol {y}} \quad & \Lambda (\boldsymbol {x},\boldsymbol {y}, \boldsymbol {\tilde {\xi }}) = \boldsymbol {c}^T \boldsymbol {x} + \boldsymbol {d}^T \boldsymbol {y}\\ \label {d2} \text {s.t.} \quad & \boldsymbol {A} \boldsymbol {x} \leq \boldsymbol {b}\\ \label {d3} & \boldsymbol {E} \boldsymbol {x} \leq \boldsymbol {F}\boldsymbol {\tilde {\xi }}\\ \label {d4} & \boldsymbol {G} \boldsymbol {x} + \boldsymbol {H} \boldsymbol {y} \leq \boldsymbol {0}\\ \label {d5} & \boldsymbol {I} \boldsymbol {x} + \boldsymbol {J} \boldsymbol {y} \leq \boldsymbol {L} \boldsymbol {\tilde {\xi }}\\ \label {d6} & \boldsymbol {M} \boldsymbol {y} \leq \boldsymbol {g}\end {align}
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$\Lambda (\boldsymbol {x},\boldsymbol {y}, \boldsymbol {\tilde {\xi }})$


$\boldsymbol {x}$


$[p_{i,t}^{G}, p_{i,t}^{B+}, p_{i,t}^{B-}, z_{i,t}]$


$\boldsymbol {y}$


$[\hat {p}_{i,t}^{G}, \hat {q}_{i,t}^{G}]$


$\boldsymbol {\tilde {\xi }}=\boldsymbol {\tilde {p}^{L}}-\boldsymbol {\tilde {p}^{PV}}$
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$\boldsymbol {x}$


$\boldsymbol {\tilde {\xi }}$


$\boldsymbol {x}$


$\boldsymbol {y}$


$\boldsymbol {x}$


$\boldsymbol {y}$


$\boldsymbol {\tilde {\xi }}$
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\begin {align}\label {ieq1} \boldsymbol {\mathit {\Psi }}(\boldsymbol {\tilde {\xi }}, \delta ) = \left \{ \boldsymbol {\xi } \mid \left | (\boldsymbol {\xi } - \boldsymbol {\tilde {\xi }})\right |/\boldsymbol {\tilde {\xi }} \leq \delta , 0 \leq \delta \leq 1 \right \}\end {align}


$\delta $
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$\tilde {\boldsymbol {\xi }}$


$\delta $


\begin {align}\max _{\boldsymbol {x},\boldsymbol {y}} \quad & \delta \label {igdt1}\\ \text {s.t.} \quad & \boldsymbol {A} \boldsymbol {x} \leq \boldsymbol {b} \label {igdt3}\\ & \boldsymbol {E} \boldsymbol {x} \leq \boldsymbol {F}\boldsymbol {\tilde {\xi }} \label {igdt4}\\ & \boldsymbol {G} \boldsymbol {x} + \boldsymbol {H} \boldsymbol {y}(\boldsymbol {\xi }) \leq \boldsymbol {0}, \forall \boldsymbol {\xi } \in \boldsymbol {\mathit {\Psi }}(\boldsymbol {\tilde {\xi }},\delta ) \label {igdt5}\\ & \boldsymbol {I} \boldsymbol {x} + \boldsymbol {J} \boldsymbol {y}(\boldsymbol {\xi }) \leq \boldsymbol {L}\boldsymbol {\xi }, \forall \boldsymbol {\xi } \in \boldsymbol {\mathit {\Psi }}(\boldsymbol {\tilde {\xi }},\delta ) \label {igdt6}\\ & \boldsymbol {M} \boldsymbol {y}(\boldsymbol {\xi }) \leq \boldsymbol {g}, \forall \boldsymbol {\xi } \in \boldsymbol {\mathit {\Psi }}(\boldsymbol {\tilde {\xi }},\delta ) \label {igdt7}\\ & \overline {\Lambda } \leq (1+\sigma ) \Lambda _{0} \label {igdt8}\\ & \overline {\Lambda } = \boldsymbol {c}^T \boldsymbol {x} + \max _{\boldsymbol {\xi } \in \boldsymbol {\mathit {\Psi }}(\boldsymbol {\tilde {\xi }}, \delta )} \boldsymbol {d}^T \boldsymbol {y}(\boldsymbol {\xi }) \label {igdt9}\end {align}
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$\sigma $


$\Lambda _{0}$


$\overline {\Lambda }$


$(1+\sigma ) \Lambda _{0}$


\begin {align}\label {eq:uncertainty set} \begin {split} \boldsymbol {U}(\alpha ) = \Bigg \{\boldsymbol {\xi } \mid \boldsymbol {\xi } \in \Big [ & \underline {\boldsymbol {\xi }}(\alpha ), \overline {\boldsymbol {\xi }}(\alpha ) \Big ] = \arg \min _{\overline {\boldsymbol {\xi }}, \underline {\boldsymbol {\xi }}} \left \| \overline {\boldsymbol {\xi }} - \underline {\boldsymbol {\xi }} \right \|_{1} : \\ & F_{\boldsymbol {\xi }}(\overline {\boldsymbol {\xi }}) - F_{\boldsymbol {\xi }}(\underline {\boldsymbol {\xi }}) \geq \alpha ,\; 0 \leq \alpha \leq 1 \Bigg \} \end {split}\end {align}
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$\underline {\boldsymbol {\xi }}(\alpha )$


$\alpha $
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$\boldsymbol {\xi }$
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$\boldsymbol {\xi }^*(\alpha )=\overline {\boldsymbol {p}}^{L}(\alpha )-\underline {\boldsymbol {p}}^{PV}(\alpha )$


$\delta $


$\alpha $


$\alpha $


$\mathcal {D}$


$\xi $


$K$


$\xi _k, k=1,\ldots ,K$


$\xi $


$F_{\xi }(x) = \Pr (\xi \leq x)$


$\{\xi = \xi _k\}$


$\theta _k = \Pr (\xi \leq \xi _k)$


$\theta _k$


$n^{*}_k/n$


$n \to \infty $


$n^{*}_k$


$\xi \leq \xi _k$


$\mathcal {D}$


$\theta _k$


\begin {equation}\label {eq:IDM_interval} \begin {cases} \underline {\theta }_k = 0, \overline {\theta }_k = W^{-1}\left (\frac {1+\gamma }{2}\right ), \hfill &n^{*}_k = 0 \\ \underline {\theta }_k = V^{-1}\left (\frac {1-\gamma }{2}\right ), \overline {\theta }_k = W^{-1}\left (\frac {1+\gamma }{2}\right ), \hfill 0 \leq \kern -5.7pt &n^{*}_k \leq n \\ \underline {\theta }_k = V^{-1}\left (\frac {1-\gamma }{2}\right ),\overline {\theta }_k = 1, \hfill &n^{*}_k = n \end {cases}\end {equation}


$\gamma $


$s$


$V(\cdot )$


$W(\cdot )$


$\text {Beta}(n^{*}_k,s+n-n^{*}_k)$


$\text {Beta}(s+n^{*}_k,n-n^{*}_k)$


$\mathcal {D}$


\begin {equation}\label {eq:interpolation} \begin {cases} \underline {\Pr }(\xi \leq \xi _{\kappa }) = \underline {\theta }_k, \hfill \kappa \in [k, k+1)\\ \overline {\Pr }(\xi \leq \xi _{\kappa }) = \overline {\theta }_{k+1}, \hfill \kappa \in (k, k+1] \end {cases}\end {equation}


$\kappa $


$k$


$k+1$


\begin {equation}\label {ieq2} \mathcal {A} = \{ F_{\xi } \mid F_{\xi }(x) \in [\underline {\Pr }({\xi } \leq x), \overline {\Pr }({\xi } \leq x)] \}\end {equation}


$p^{PV}$


$\mathcal {A}_{PV}$


$\alpha $


$(\underline {\phi }^{PV})$


\begin {equation}\label {ieq3} \begin {split} \underline {\phi }^{PV} &= \int _0^{\underline {p}^{PV}} (\underline {p}^{PV} - x) f_{p^{PV}}(x) \, dx \\ &= \int _0^{\underline {p}^{PV}} F_{p^{PV}}(x) \, dx \end {split}\end {equation}


\begin {equation}\label {ieq4} \max _{F_{p^{PV}} \in \mathcal {A}_{PV}} \underline {\phi }^{PV} =\max _{F_{p^{PV}} \in \mathcal {A}_{PV}}\int _0^{\underline {p}^{PV}} F_{p^{PV}}(x) \, dx\end {equation}


$F_{p^{PV}}$


$[0,\underline {p}^{PV}]$


$\overline {F}_{p^{PV}}$


$\underline {F}_{p^{PV}}$


$F^{*}_{p^{PV}}(\cdot )$


\begin {equation}\label {ieq5} F^{*}_{p^{PV}}(x) = \begin {cases} \overline {F}_{p^{PV}}(x), & p^{PV} \leq \underline {p}^{PV} \\ \underline {F}_{p^{PV}}(x), & p^{PV} \geq \overline {p}^{PV} \end {cases}\end {equation}


\begin {align}\label {eq:idm_uncertainty set} \begin {split} \boldsymbol {U}(&\alpha ) = \Bigg \{ \boldsymbol {\xi } \mid \boldsymbol {\xi } \in \Big [ \underline {\boldsymbol {\xi }}(\alpha ), \overline {\boldsymbol {\xi }}(\alpha ) \Big ] = \arg \min _{\overline {\boldsymbol {\xi }}, \underline {\boldsymbol {\xi }}} \left \| \overline {\boldsymbol {\xi }} - \underline {\boldsymbol {\xi }} \right \|_{1} : \\ &\underline {F}_{\boldsymbol {\xi }}(\overline {\boldsymbol {\xi }}) - \overline {F}_{\boldsymbol {\xi }}(\underline {\boldsymbol {\xi }}) \geq \alpha ,\; 0 \leq \alpha \leq 1 \mid \underline {F}_{\boldsymbol {\xi }}, \overline {F}_{\boldsymbol {\xi }} \in \mathcal {A} \Bigg \} \end {split}\end {align}
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$\underline {F}_{p^{PV}_{t}}(\cdot )$
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$[\underline {p}^{PV}_{t}, \overline {p}^{PV}_{t}]$


\begin {equation}\underline {F}_{p^{PV}_{t}}(\overline {p}^{PV}_{t}) - \overline {F}_{p^{PV}_{t}}(\underline {p}^{PV}_{t}) \ge \alpha \label {eq:cdf_inequality}\end {equation}
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$u_m, m=1,\ldots ,10$


$\alpha $


\begin {equation}\label {ieq6} \begin {cases} \alpha = \sum _{m=1}^{10} \alpha _{m} \\ \underline {\alpha }_m^{(itr)} \cdot u_m \leq \alpha _{m} \leq \overline {\alpha }_m^{(itr)} \cdot u_m, \forall m \\ \sum _{m=1}^{10} u_{m} = 1 \end {cases}\end {equation}


\begin {equation}\label {ieq7} \begin {split} &\underline {\alpha }_m^{(itr)}= 10^{-itr}(m-1) \\ &\overline {\alpha }_m^{(itr)} = 10^{-itr}m \end {split}\end {equation}


$\underline {\alpha }_m$


$U_{t}^{PV}(\underline {\alpha }_m) = [\underline {p}_{t}^{PV}(\underline {\alpha }_m),\overline {p}_{t}^{PV}(\underline {\alpha }_m)]$


$U_{t}^{L}(\underline {\alpha }_m) = [\underline {p}_{t}^{L}(\underline {\alpha }_m),\overline {p}_{t}^{L}(\underline {\alpha }_m)], \forall t, \forall m = m \cup \{11\}$


$\underline {\alpha }_m$


$\alpha $


\begin {equation}\label {ieq8} \begin {cases} \begin {aligned} \underline {p}_{t}^{PV}(\underline {\alpha }_m) &- M(1-u_m) \leq p_{t}^{PV} \\ &\leq \overline {p}_{t}^{PV}(\underline {\alpha }_m) + M(1-u_m), \end {aligned} \\ \begin {aligned} \underline {p}_{t}^{L}(\underline {\alpha }_m) &- M(1-u_m) \leq p_{t}^{L} \\ &\leq \overline {p}_{t}^{L}(\underline {\alpha }_m) + M(1-u_m) \end {aligned} \end {cases}\end {equation}
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\begin {equation}\label {ieq9} \begin {cases} \alpha = \sum _{m=1}^{10} \alpha _{m} \\ (\underline {\alpha }^{(itr*)} + \underline {\alpha }_{m}^{(itr)}) \cdot u^{\prime }_m \leq \alpha _{m} \leq (\underline {\alpha }^{(itr*)} + \overline {\alpha }_{m}^{(itr)}) \cdot u^{\prime }_m, \forall m \\ \sum _{m=1}^{10} u^{\prime }_{m} = 1 \end {cases}\end {equation}
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\begin {align}\label {eq:EPB} EPB = \boldsymbol {c}^T\boldsymbol {x} + \frac {1}{NF} \sum _{n=1}^{NF} \boldsymbol {d}^T\boldsymbol {y}_n\end {align}
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\begin {align}\max _{\boldsymbol {x},\boldsymbol {y}} \quad & \delta \label {igdt1}\\ \text {s.t.} \quad & \boldsymbol {A} \boldsymbol {x} \leq \boldsymbol {b} \label {igdt3}\\ & \boldsymbol {E} \boldsymbol {x} \leq \boldsymbol {F}\boldsymbol {\tilde {\xi }} \label {igdt4}\\ & \boldsymbol {G} \boldsymbol {x} + \boldsymbol {H} \boldsymbol {y}(\boldsymbol {\xi }) \leq \boldsymbol {0}, \forall \boldsymbol {\xi } \in \boldsymbol {\mathit {\Psi }}(\boldsymbol {\tilde {\xi }},\delta ) \label {igdt5}\\ & \boldsymbol {I} \boldsymbol {x} + \boldsymbol {J} \boldsymbol {y}(\boldsymbol {\xi }) \leq \boldsymbol {L}\boldsymbol {\xi }, \forall \boldsymbol {\xi } \in \boldsymbol {\mathit {\Psi }}(\boldsymbol {\tilde {\xi }},\delta ) \label {igdt6}\\ & \boldsymbol {M} \boldsymbol {y}(\boldsymbol {\xi }) \leq \boldsymbol {g}, \forall \boldsymbol {\xi } \in \boldsymbol {\mathit {\Psi }}(\boldsymbol {\tilde {\xi }},\delta ) \label {igdt7}\\ & \overline {\Lambda } \leq (1+\sigma ) \Lambda _{0} \label {igdt8}\\ & \overline {\Lambda } = \boldsymbol {c}^T \boldsymbol {x} + \max _{\boldsymbol {\xi } \in \boldsymbol {\mathit {\Psi }}(\boldsymbol {\tilde {\xi }}, \delta )} \boldsymbol {d}^T \boldsymbol {y}(\boldsymbol {\xi }) \label {igdt9}\end {align}
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Nomenclature

Sets

N Set of nodes of the distribution network

L Set of lines

¢ Set of nodes where DG units are connected, G ¢ N’
B Set of nodes where ESS units are connected, B c N
T Set of time periods

Indices

ij Lineije L

i,j Nodes i,j € N

t Time periodr € T
Parameters

¢;, ¢; First-/second-stage DG operational cost coefficients

d,, d, First-/second-stage electricity purchase cost coefficients
¢;, e, Maximum/minimum energy capacity of ESSs

Maximum charging/discharging power of ESSs

ng Charging/discharging efficiency of ESSs

ﬁiG, p% Maximum/minimum active power of DGs
-l
-G . .
b; p° Maximum/minimum recourse output of DGs
-l
=G . o .
g ¢° Maximum/minimum reactive power output of DGs
—i
7 Maximum power flow limit
U, v Maximum/minimum limit of 9,
r;j» x;; Resistance and reactance of line i;
RU;, RD; Ramp up/down limits of DGs
pPV-car Installed capacity of solar panels

At Duration of one time step

Continuous Variables

e Stored energy of ESS
ﬁ,.G, Active power output of DGs after recourse action
pS, p°  First-/second-stage purchased power from main grid

DPijs» Bij, First-/second-stage active power flow
445 Gij, First-/second-stage reactive power flow
v;,» 0,  First-/second-stage squared bus voltage magnitude

8y Power factor angle

probability distribution functions (PDFs) and scenario analysis into a
multi-time scale SP framework. By managing slow- and fast-response
resources to coordinate active and reactive power, the economic per-
formance and the secure operation of the system are ensured under
RESs uncertainty. SP features the need for PDFs or uncertain scenarios,
making its performance closely tied to the estimation of distributional
information or the number of scenarios, which can be well guaranteed
with an incredibly large amount of historical data.

Robust optimization (RO) uses the boundary information of uncer-
tainties, making it a practical choice for the optimal operation of DNs
[6]. However, solutions derived from RO tend to be conservative be-
cause they focus solely on the worst-case scenario within a predefined
uncertainty set, ignoring any additional information on the uncertain-
ties. To mitigate the conservatism, some researchers have employed
partial information to refine the uncertainty set. Ref. [7] searches for
the extreme scenarios from the historical data of RESs to redesign the
uncertainty sets, yielding a less conservative yet robust solution for de-
termining the tap ratio of transformers and the capacity of switching
capacitors. Ref. [8] reconstructs the uncertainty set of wind power based
on the historical data of forecasted errors, aiming to reduce conservatism
in economic dispatch. Beyond RO, distributionally robust optimization
(DRO) incorporates available probability information on uncertainties
to minimize operational costs over the worst-case distribution within
the ambiguity sets constructed from historical data. Ref. [9] introduces
a moment-based DRO to characterize RESs’ uncertainty for real-time
power dispatch in DNs. Ref. [10] constructs an ambiguity set of wind
power using Wasserstein-based DRO, followed by a chance constraint-
based DRO model for reactive power dispatch. Ref. [11] introduces the
imprecise Dirichlet model (IDM) to construct the ambiguity set of wind
power distribution, with an expected risk indicator to identify the worst-
case distribution, aiming to balance operational costs and the risk costs
in real-time energy dispatch. Ref. [12] proposes a comprehensive norm-
based ambiguity set to represent renewable generation in integrated
energy system scheduling, achieving better operational economy, lower
renewable power curtailment rates, and higher computational efficiency
compared to other methods. Collectively, the above studies, including
SP, RO, and DRO, share a predefined paradigm: a probability distri-
bution in SP, an uncertainty set in RO, or an ambiguity set in DRO is
specified in advance, and the corresponding objective is then optimized
under these uncertainty modeling approaches.

It is well-established that increasing the uncertainty set (ambiguity
set) enhances robustness at the cost of reduced economic performance.

Several critical challenges thus arise in the optimization process, such
as the size of the uncertainty set, the amount of operational cost
budget allocated, as well as the trade-off between robustness and eco-
nomic performance. Many of the aforementioned approaches fail to
simultaneously address these challenges effectively. Information gap de-
cision theory (IGDT) provides a robust decision-making framework for
handling severe uncertainties without requiring any information or a
predefined uncertainty set [13]. Risk-averse-based IGDT seeks to opti-
mize the uncertainty set (representing risk-averse capability) within a
preset financial budget, which is particularly useful when there is a clear
target. For instance, given an operational budget, an IGDT-based energy
management system is proposed for islanded microgrids in [14] to max-
imize the allowable range of load and RESs fluctuations while managing
the system frequency excursion. Ref. [15] applies IGDT to identify robust
operational scheme for resiliency-oriented DNs, addressing uncertainties
in RESs, load demand, etc., while adhering to a certain budget. Ref. [16]
incorporates the penetration level of RESs at different time periods into
the uncertainty modeling framework, and proposes a weighted-IGDT to
handle wind power uncertainty in microgrids. To account for the elec-
tricity price uncertainty and their correlations, the ellipsoid-bound IGDT
has been utilized to model the electric vehicle aggregator scheduling in
[17].

The envelope-bound uncertainty modeling dominates the current
IGDT studies in network operation [14-16], as well as in network
planning [18], electricity market offering strategy [19], etc., due to
its simplicity and capability to handle forecasted types of uncertainty
sources [13]. However, the uncertainty modelling of IGDT does not in-
corporate any information on uncertain parameters, and the real-valued
symmetric uncertainty sets limit the approach to capture the asymmetric
characteristics of uncertainties. The asymmetry of uncertainties primar-
ily refers to scenarios that deviate significantly from the expected values
yet have a higher probability of occurrence than closer scenarios, as com-
monly observed in the heavy tails of PDFs. For instance, scenarios with
low RESs generation and high load demand, significantly deviating from
expected values, are uncommon yet still possible and may be excluded
from the uncertainty sets. These scenarios can have substantial impacts
when they occur. However, many existing uncertainty modelling ap-
proaches fail to account for these significant scenarios probabilistically,
or neglect to incorporate the desired operational budget when defin-
ing uncertainty sets. While SP considers the probability of scenarios, as
previously discussed, its accuracy is highly dependent on the estima-
tion of distributional information and the size of the dataset. A concise
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Table 1
Comparison of uncertainty modeling approaches.
Method Uncertainty Representation Decision Perspective Objective Geometry
SP [3-5] Probability/scenarios Given uncertainty model Min expected cost Probabilistic region
RO [6-8] Uncertainty set Given uncertainty model Min worst-case cost Prescribed set
DRO [9-12] Ambiguity set Given uncertainty model Min worst-case expectation Distribution space

IGDT [14-19]
CL-IGDT (this work)

Uncertainty set
Uncertainty set

Given performance limit
Given performance limit

Max uncertainty level
Max confidence level

Symmetric interval expansion
Asymmetric interval expansion

comparison of these uncertainty modeling approaches is summarized in
Table 1.

Given the advantages and disadvantages of the IGDT approach and
its widespread utilization of envelope-bound uncertainty modeling, it
is essential to seek potential enhancements to improve its applicability
in DN operations. Therefore, we propose a novel uncertainty modelling
approach that utilizes confidence levels to capture the asymmetric char-
acteristics of uncertain parameters and maximize risk-averse capability
in a probabilistic manner within the IGDT framework, while adhering
to a desired budget. The IDM is employed to construct the ambiguity
sets, leveraging available data and mitigating the dependency on accu-
rate probability distributions. Consequently, the confidence level-based
IGDT (CL-IGDT) framework is developed for the two-stage robust opti-
mal operation of DNs. An iterative method is proposed to solve the model
and determine the upper and lower bounds of the objective function.
Overall, the main contributions of this paper are as follows:

« A CL-IGDT framework is proposed for two-stage optimal operation
of distribution networks, extending traditional uncertainty mod-
elling of IGDT by replacing symmetric intervals with confidence
level-driven intervals.

The IDM is utilized to construct the ambiguity sets for RESs and
load demands, and integrated into the proposed framework. This
method reduces reliance on precise probability distributions and
leverages the available data at hand.

Building on the proposed framework, a two-stage DN optimal
operation model is constructed using CL-IGDT. By capturing the
asymmetric characteristics of renewable energy and load demand
uncertainties, the proposed approach enhances risk-averse capabil-
ity in a probabilistic manner, leading to improved robustness and
economic performance in distribution network operation.

To solve the integrated model, an iterative solution method is de-
veloped to determine the upper and lower bounds of the objective
function with guaranteed accuracy.

The remainder of this paper is organized as follows: Section 2
presents the mathematical formulation of the two-stage optimal opera-
tion model for distribution networks. Section 3 introduces the proposed
CL-IGDT framework and the construction of ambiguity sets using the
IDM. Section 4 describes the solution methodology, and Section 5 pro-
vides case study results and discussions. Finally, Section 6 concludes the

paper.

2. Mathematical formulation

The necessity for a two-stage operation model arises from the chal-
lenges of multi-time scale control in DNs [9]. Consequently, this section
introduces an optimization model for DNs’ optimal operation problem,
consisting of an economic dispatch plan and a recourse control stage. In
the first stage, the approximate active power plan is scheduled, aim-
ing at economic dispatch under expected uncertain scenarios. In the
second stage, after the actual realization of uncertain scenarios, both
active and reactive power regulation are implemented to minimize re-
source costs and ensure system security. The active power plan serves
as a baseline decision that guides second-stage adjustments, ensuring
the implementations remain within an economically and operationally

feasible range. Two types of distributed energy resources (DERs) are con-
sidered dispatchable: distributed generators (DGs) and energy storage
systems (ESSs). It is worth clarifying that the proposed model assumes
a forward-looking abstraction, i.e., a centralized coordinator responsi-
ble for both network security and DERs scheduling. This coordinator
could represent a future DSO with expanded mandates, an aggregator,
or a microgrid operator operating under network constraints. The gen-
eral uncertainty modeling methodology is applicable to any entity facing
similar operational challenges.

2.1. First-stage economic dispatch plan

In the first stage, decisions regarding the active power of DGs
(%) and the charging/discharging power of ESSs (p/%"/p/") are de-
fined based on expected forecasts for renewable energy (ﬁftv) and load
demands (ﬁft), to determine the approximate active power output plan.

2.1.1. Objective function

The operational costs (A;) include the cost of active power output
from the DGs and the cost of electricity purchased from the upstream
main grid.

minA; = z (z cl-pfr+d,pf> (@]

teT \i€G

2.1.2. DGs constraints
The DGs’ constraints are composed of the active power output limits
(2a), and the ramp up/down rate limits (2b)—(2c).

EIG < piGJ < ﬁiG,Vi egvteT (2a)
Pl —p° | SRU,Vi€eGVieT (2b)
pe - Pl <RD.VieGVieT (20)

it —
2.1.3. ESSs constraints

The ESSs are considered to operate in power control mode, allowing
for pre-scheduling of their active power output [20]. Their operation is

governed by constraints on stored energy dynamics (3a), storage limits
(3b), and charging/discharging limits (3¢)—(3d).

B—

B+ Diy .
e =e, +npp;; At — ”—At, Vie BYteT (3a)
B
e, <e,<e NieBVteT (3b)
0<plr<z ™ vieBvieT (3¢)
0<p <(U-z,)p" . VieBVieT (3d)

where z;, is the binary variable ensuring ESSs operate in only one state
at a time—charging, discharging, or stand-by.

2.1.4. Power flow constraints
Constraints (4a) model the active power balance equations, and
constraints (4b) consider the net active loads (p; ).

z Phiy — Z Pija =DipVi€ENVIET (4a)

hiel ijer
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P =00+ P2 —pE + b)) - Bl Vie N VieT (4b)

2.1.5. Network security constraints
The maximum power flow limits are enforced by:

B <p <PNijeLVET (5)

2.2. Second-stage recourse control stage

Decisions on the recourse actions involving the active and reactive
power outputs of DGs (ﬁg/cig) are defined based on the real realizations
of renewable energy (pf,") and load demands (pf,), to guarantee the
minimal recourse control cost and the system security. The proposed
model aims to enhance operational flexibility and coordination, ensuring

a less-conservative strategy under actual operating conditions.

2.2.1. Objective function

The recourse control cost (A,) is determined by the cost of recourse
active power output of the DGs and the cost of additional electricity
purchased from the main grid.

minA, = Z <Z éiﬁiGJ + J,(ﬁ;g —pts)> 6)

teT \i€Q

2.2.2. DGs recourse constraints

The DGs’ constraints are composed of the recourse capability limits
(7a), the reactive power output limits (7b), the active power output after
recourse control (7c) as well as the ramp up/down rate limits of the
active output after recourse control (7d)-(7e).

,_aiG <p° 51_3:;,Vi eECVieT (7a)
gG <q% < Z;I.G,Vi egVieT (7b)
P =pl + 5. Vi€GVIET (7¢)
P -’ <RU,VieGVieT (7d)
Pe_ B <RD.VieGVieT (7e)

it—1

2.2.3. Power flow and voltage constraints

Constraints (8a)-(8b) model the active/reactive power balance
equations. Constraints (8c)-(8e) consider the net active/reactive loads
(Pi+/4;,), and (8f) is the voltage magnitude drop in the lines.

Z Phiv = Z Pji=PinViENVIET (82)
hieL ijeL

Z iy — Z G =GnrVieENVIET (8b)
hiel ijeL
13”:ﬁﬁ+pff—pﬁ’+p£‘l—p‘.I:t,ViEN,VtET (8c)
G, =40 —q-.VieNvieT 8d)
Giy =4y — 4 ViEN,VIE (

ql, =phtans;, Vi€ N VieT (8e)
Dip = 0y = rishijy + x50, )/ (L — @) Vij €ELNLET (8

The Lossy DistFlow formulation, with the help of parameter ¢;; [21],
is employed to approximate the loss terms in voltage magnitude drop
calculations within the traditional DistFlow model, as shown in (8f). This
approach linearizes the voltage calculations while preserving a degree
of accuracy.

2.2.4. Network security constraints
The maximum power flow limits and voltage magnitude limits are
enforced by constraints (9a)-(9b).

-7 <ph;, <PVijeLvieT (9a)
v< 0, <VVNieNVIET (9b)

Given the uncertainties of RESs and load demands, integrating the
economic dispatch plan with a recourse control stage enhances opera-
tional flexibility. Compared to a single-stage approach, this model allows
for dynamic adjustments by making recourse decisions in response to
actual variations in uncertainties, and co-optimizes active and reac-
tive power dispatch across different timescales, thereby minimizing the
need for conservative strategies and ensuring system security against
uncertain scenarios [9].

3. Confidence level-based information gap decision formulation
3.1. Deterministic model

A compact matrix-vector form of the optimization model presented
in Section 2 is provided below for subsequent reformulation purposes.

r;ﬁyn Ax,y,E =cTx+d"y (10a)
st. Ax<b (10b)
Ex < FE (10¢)
Gx+Hy<0 (10d)
Ix+Jy<LE (10e)
My<g (109

In the above deterministic formulation, the total operational cost is
indicated by A(x, y, ), where x refers to the first-stage decision variable
including [pft, pftﬂ pft_ z;,], y is the second-stage decision variable in-
cluding [ﬁft, ég], and & = pL — pPV denotes the uncertain vector related
to load demands and renewable energy, which adopt their forecasted
values in the deterministic model. The variable x is constrained by (10b),
corresponding to constraints (2)—(3), (4a), and (5). Constraint (10c) cor-
relates x with the forecasted value of uncertain vector , corresponding
to constraint (4b). Constraint (10d) builds the relationship between x
and y, corresponding to constraint (7c). Constraint (10e) correlates x
and y with the forecasted value of uncertain vector €, corresponding
to constraints (8c)—(8e). Finally, the remaining constraints concerning y
are represented by (10f).

3.2. Information-gap decision model

DNs face significant uncertainties associated with RESs and load de-
mands, necessitating a framework for uncertainty management. IGDT
offers a non-probabilistic, non-fuzzy alternative that effectively handles
uncertainties without the need to predefine the uncertainty extent [13].
The commonly used envelope-bound modelling by IGDT is shown below:

YEs={¢1|¢&-8|/E<50<6<1} an

where the variable § represents the uncertainty extent.

The uncertainty modelling ¥ (&, 5) highlights the gap between the
forecasted values and unknown information. For a given &, an increasing
& enhances the risk-averse capability, leading to a more costly solution,
as it requires more resources to ensure performance and reliability under
uncertainty. A major achievement of IGDT is its risk-averse capability,
which refers to the maximum uncertainty extent obtained by driving the
actual system performance towards the desired target. As Fig. 1 shows,
IGDT maximizes the uncertainty extent (safe region) to enable robust
operational strategies. This is particularly advantageous in the energy
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Fig. 1. The symmetric uncertainty set aligns perfectly with the shortest confi-
dence interval of an uncertain parameter characterized by symmetric probability
density function.

dispatch field when clear performance targets, such as the operational
budget, are set by the DSO. Under the desired target, the risk-averse
capability is maximized. Consequently, this paper applies IGDT to han-
dle the uncertain parameters in (10), which can thus be reformulated as
follows:

n;'c}vx ) (12a)
st. Ax<b (12b)
Ex < FE (12¢)

Gx + Hy(£) <0,VE € P(E,6) (12d)
Ix+Jy&) < LEVE € P (E,6) (12e)
My < g VEe¥E50) 12f

A< +0)Ay (12g)
A=cTx+ max dTy(&) (12h)

£e¥(E.6)

IGDT formulation in (12) is a two-level optimization model. At the
upper level, the objective is to maximize the uncertainty extent while
enforcing the constraints (12b)-(12g). The lower level is specified in
(12g)-(12h), where o represents the deviation factor that defines the
acceptable degree of budget excess, and A, is the system performance
under the expected scenario. Through this two-level framework, robust
performance A is deliberately driven towards the desired budget (1 +
o)Ay, ultimately enabling the optimal uncertainty extent.

The above uncertainty modelling requires little information on un-
certainties and is well-suited for uncertain parameters exhibiting sym-
metric features. As shown in Fig. 1, such an uncertainty set can perfectly
capture the scenarios most likely to occur. Uncertain parameters like re-
newable generation and load demands, however, typically do not follow
a symmetric distribution [22]. As demonstrated in Fig. 2, this misalign-
ment can result in issues such as some safe regions being overlooked
where actual scenarios would have occurred with higher probability.
As mentioned in Section 1, these scenarios can compromise DNs safe
operation if they occur. Additionally, the safe regions can be unnec-
essarily large due to the inclusion of impossible scenarios, leading to
conservatism.

3.3. Confidence level based information gap decision model

To mitigate the aforementioned drawbacks and better handle the
asymmetric characteristics of uncertain parameters, we propose utiliz-
ing a confidence level-driven uncertainty set instead of the real-valued
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|
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R

(1+6)¢
|

: Risk Region

Safe Region

|
P |

- <
Fail to cover some
probable scenarios
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Fig. 2. For an uncertain parameter with asymmetric characteristics, the sym-
metric uncertainty set no longer matches the shortest confidence interval.

¢(a) ¢(a)
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A‘:—»
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Fig. 3. The confidence level-driven uncertainty set captures the most probable
uncertain scenarios, and thus matches the shortest confidence interval.

symmetric one. This approach transforms the uncertainty set into a
sub-optimization problem:

U@ = {5 16 € [, 8@] = argmin £ - ] :
. 13)
Fe&) - Fe§2a, 0<a< 1}

where « represents the confidence level of the uncertainty set; &(a) and
&(a) are the upper and lower bounds of the set, respectively, functions
of a; Fy(-) denotes the cumulative distribution function (CDF) of &.

As illustrated in Fig. 3, the newly constructed uncertainty set cap-
tures the scenarios that are most probable, corresponding to the shortest
confidence interval. This achieves the highest robustness with the least
conservatism and mitigates the misalignment issue. Accordingly, the ob-
jective of IGDT shifts to maximizing «, allowing the uncertainty set to
cover as many probable scenarios as possible within the desired budget.
The improved IGDT formulation can be expressed as:

max a (14a)
x,y
st. Ax<b (14b)
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Ex < FE (14¢0)
Gx+ Hy(¢) <0,VE € U(a) (14d)
Ix+ Jy(€) < LEVE € U(a) (14e)
My¢) < g VE e U(a) (146
A< +0)A (14g)
A= EIEHI%)A(x, &, aam

T T
= + d
c'x gma()((l ) y(&)

By analysing the formulation in Section 2, it is evident that the
largest operational cost occurs when the electricity supply is at its peak,
i.e., when renewable generation and load demands reach their bounds
E*(@) = p=(@) — p”" () within the uncertainty sets. Consequently, the
two-level optimization model can be simplified into a single level one
if the relatively complete assumption holds. Additionally, in standard
IGDT, a single variable § becomes less practical when multiple types
of uncertain parameters are involved. In contrast, the proposed model
represents multiple uncertainties through their respective probability
distributions. Although the sets are mapped from the same «a, each is
linked to its own distribution, thereby achieving parameter decoupling
compared to IGDT.

3.4. Construction of the ambiguity set

Introducing a confidence level « in (13) and (14) necessitates the
CDFs, which may inherit the limitations associated with SP method. To
address this challenge, we draw inspiration from DRO and propose con-
structing ambiguity sets of CDFs. By fully utilizing available historical
data and exploiting the implicit information it contains, the worst-case
distribution can serve as a surrogate for the precise distribution.

Consider a dataset D of a random variable ¢ with K different val-
ues &,k = 1,...,K, arranged in an increasing order. The CDF of ¢ is
defined as F:(x) = Pr(£ < x), so the cumulative probability of {& = &}
is 6, = Pr(¢ < &,). According to the Law of Large Numbers, 6, can be
estimated as nj /n as the total sample count n — oo, where n; is the
cumulative count corresponding to ¢ < &,. However, the limited size of
D introduces inaccuracy into the probability estimation. To quantify the
imprecision in 6,, the interval-valued probability is applied based on im-
precise probability theory [23], which can be estimated using credible
index corresponding to IDM [11]:

Qk:g,é,{:w—'(%), nt=0
0, =V (). =W (5).0<n; <n s)
Qk=V"(1%y),§k=1, n.o=n

where y is the confidence index to estimate the probability interval,
and s is the equivalent sample size. V(-) and W (-) are the CDFs of Beta
distribution, i.e., Beta(ny, s +n—ny) and Beta(s + ny,n—mny), respectively.

Due to the limited sample points in D, a stair-step interpolation
method is applied to obtain the probability intervals at non-sample
points, which can be expressed as:

Pr ) (16)
Pr¢ <&) =0,k €k k+1]

{&(5 <&)=0,, xelkk+1)
where k indicates the non-sample points between two sample points k
and k + 1.

Finally, the ambiguity set is constructed by connecting the upper and
lower bounds of these probability intervals, which can be expressed as:

A= {F; | Fy(x) € [Pr(¢ < x),Pr(¢ < x)]} a7

> I— l;oundc‘aIl;)é of the ambiguity set
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Fig. 4. Ambiguity set of solar power distribution. Given «a, the optimal uncer-
tainty set over the worst-case distribution (illustrated with purple dots) is the
widest compared to those derived from alternative distributions (represented by
black dots). This suggests that alternative distributions, which result in narrower
uncertainty sets and thus better economic performance, are not the worst-case
distributions. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

3.5. Selection of the worst-case distribution

After counting the cumulative occurrences of different values of so-
lar power pfY, for example, (15) and (16) can be used to calculate the
interval-valued cumulative probability and then construct the ambiguity
set Apy, as depicted in Fig. 4.

When actual solar power remains within the safe region, the total
operational cost is constrained within the preset budget while ensur-
ing network security. Conversely, disturbances that extend beyond this
region into the risk areas may require additional actions to address
unexpected conditions, or even potentially compromise the network
security.

It is assumed that the upside risk is caused by excessive solar power,
whereas the downside risk is due to insufficient solar power. The risks
can be quantified based on the concept of expected risk described in
[11].

The downside risk (¢*") is quantified as follows:
PV -

P = /E @™ = x) fypv (x) dx
’ (18)

PV

P
=/7 F,py (x)dx
0

Considering the ambiguityp ‘i/n CDFs, the maximal downside risk is:
P

max ¢F =  max B Fpv (x)dx (19)
F,py €Apy — F,pv€Apy Jo

As illustrated in Fig. 4, the maximal downside risk equals to the
shaded area between Fopv and the interval [0, EP V]. Obviously, Fppv
leads to the highest downside risk, thus representing the worst-case dis-
tribution when the actual solar power exceeds its left boundary of the
uncertainty set. Similarly, F ,pv Tepresents the worst-case distribution
when the real solar power exceeds the right boundary. The worst-case
distribution of solar power F:Pv(') can be expressed as:

" f,,PV x), pP¥ <pP”
Fppy (x) = PV —rv (20)
EPPV x), p"=p

With the construction of the ambiguity sets and the selection of the
worst-case distribution pairs, the confidence level-driven uncertainty set
in (13), which was originally based on precise CDFs, is now replaced by
the one constructed using ambiguity sets, as (21) shows.

U@ = {5 ¢ € @, E@)| =argmin £ -], -
* @1)

F®-Fg@2a 0<a<l|F,F, eA}
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Fig. 5. Flowchart of the solution methodology.

4. Solution methodology

This section presents the methodology to solve the proposed op-
timization framework shown in (14) and (21). An interval search
procedure is carried out as a preprocessing step to identify the short-
est confidence interval, thereby enabling the offline determination of
the optimal uncertainty set. The optimization formulation is thus trans-
formed into a mixed integer linear programming (MILP) model. An
iterative method is introduced to determine the upper and lower bounds
of the optimal « until the required accuracy is achieved. Overall, the
proposed methodology is outlined in Fig. 5.

4.1. Calculation of optimal uncertainty set

Explicitly expressing the uncertainty set in (21) is challenging, as
the sub-optimization problem lacks closed-form distributions which are
constructed by a series of discrete points, and thus deriving the optimal-
ity conditions is inapplicable. However, leveraging the structure of the
proposed framework, an interval search approach is devised to calculate
the uncertainty sets offline, which are then integrated into the original
model. Again, we take solar power as an example.

Consider the ambiguity set of p?” which consists of .S ordered real-
izations. For each point p,’i :’ with s = 1,..., .S, its corresponding lower

and upper bounds of the CDFs, Fopv (-) and Fppy (+), are available.

Assume « is given, all candidate intervals [E,P V,ﬁtp I/] formed by the
discrete points are examined by
@ ) =Fpv ") 2 a (22)

Among all feasible intervals, the one with the minimum length is
selected. This procedure yields the shortest confidence interval of so-
lar power in (21), which can be computed offline prior to solving the
optimization problem. The resolution of the resulting uncertainty set
is determined by the number of available sample points. As the short-
est confidence intervals are constructed from discrete data points, the

endpoints of these intervals can only take values from the available
dataset.

4.2. Iteration solving procedure

The optimal uncertainty set depends on the optimal a, which remains
unknown until the problem is solved. Fortunately, given that the range
of the objective function is from O to 1, the structured nature of the
optimization problem can be exploited to allow for an iterative method,
where a larger objective value will lead to a higher worst-case cost. The
solving procedure is shown in Fig. 5, and the details are as follows.

Step 1: The initial step is set as itr = 1. Assume that « takes val-
ues from ten equal intervals separated by discrete points, 0,0.1, ..., 1.0.
Binary variables u,,m = 1,...,10 are utilized to determine which
interval « falls into, as shown below.

10
a= Zm—l Ay
(itr) (itr) 2
Wy Uy Sy S 1y, m (23)
10
Zm=1 um =1
where
gﬁrfltr) — lo—itr(m _ 1)
@4

2l =107"m

Step 2: Given the values of each known ¢, the corresponding optimal
uncertainty set of solar power and load demands can be obtained offline
by using the approach in Section 4.1, i.e., U (a,) = [grp"(gm),ﬁfw(gm)]
and UtL(gm) = [Et’“(gm),ﬁf(gm)],w,\?’m =mu{11}.

Step 3: The optimal uncertainty sets corresponding to different
are formulated as a series of constraints and then embedded into the
original optimization problem. The big M technique is utilized to deter-
mine which set of constraints associated with the optimal « are active,
as shown below.

PV PV
p (@) - MA~u,) <p

<7 (@) + M1 —u,),
p(@,) = M1 ~u,) < pf

<P (@,)+ M1 -u,)

(25)

Step 4: The original problem now consists of a series of mixed integer
linear constraints, transforming the entire optimization problem into a
MILP, which can be solved directly by commercial solvers. Since a as-
sumes taking value from only ten intervals, the incumbent solution may
lack precision. The boundaries of the interval into which the incumbent
a falls [, 2] serve as the lower bound LB and upper bound U B
of the optimal «*, respectively. To obtain more accurate result, we fur-
ther divide the obtained interval into ten updated smaller intervals, and
set the iteration itr to itr + 1.

10
@ = Zm:1 [

@) 4+ a7y il < @,y < (@0 + 7)Y ul Ym
ZIO /=
m=1%m =

Given ten new discrete values, the corresponding optimal uncertainty
set can be calculated offline again. Embed them into the original opti-
mization problem and resolve it, so the new information can be updated
asUB=a") LB = ) and itr = itr + 1.

(26)



Z. Xiong, B. Zeng, P. Palensky et al.

22 23 24 ESS4

25 26 27 28 29 30 31|32

8§ 9 10 11 12 13 14 15 16 17

18 19 20 21

ESS1 ESS2

ESS3

Fig. 6. Modified IEEE 33-bus system.

Table 2
DGs information.

Label 7° (kW) p% (kW) RU (kW) RD (kW) 7% (kvar) 4 (kVar) c($)
DGl 600 100 100 100 500 —400 4.0
DG2 400 100 90 90 300 -200 3.5
DG3 250 80 60 60 200 -150 2.5
DG4 50 10 15 15 40 -25 2.0
Table 3
ESSs information.
Label 75 (kW) 757 (kW) 2 (kW) e (kW) s
ESS1 120 120 600 120 0.9
ESS2 40 40 200 40 0.9
ESS3 60 60 300 60 0.9
ESS4 80 80 400 80 0.9

Step 5: Further segmentation of « into smaller intervals is possible if
UB — LB < ¢ does not satisfy, where ¢ indicates the specified accuracy.
Step 4 with smaller resolution will be repeated, or the optimal solution
is assumed to be reached.

It is important to note that the achievable precision of « is inherently
limited by the granularity of the available dataset, and its resolution
depends on the sample size. For datasets with different sample sizes,
users can adjust e accordingly, i.e., a smaller ¢ may be feasible with
richer data, while a larger ¢ may be more appropriate for coarser data.

5. Case study and discussion

The proposed framework was tested on the modified IEEE 33-bus
system, as illustrated in Fig. 6. The system data are available in [24],
and the data for DGs and ESSs are given in Tables 2 and 3, respectively.
All simulations were conducted on a 64-bit PC with a 3.00 GHz CPU
and 16 GB RAM in PyCharm. The simulation horizon was set to one day
with a one-hour resolution. Solar power and load demand for each bus
are considered uncertain sources. Approximately one year of historical
data [25] was used to construct the ambiguity sets, and we set ¢ =
0.001, which is supported by the granularity of our historical data. The
confidence index y and equivalent sample size s for IDM are set to 0.95
and 1, respectively [11].

5.1. Optimal operation results for distribution networks

To illustrate the basic results of the proposed method, the determin-
istic (DT) and IGDT-based approaches are chosen as benchmarks. The
deviation factor o is set as 30%, and all other parameters remain consis-
tent. The optimal cost of DT is 216,773$, which determines the desired
budget for IGDT and CL-IGDT. The optimal uncertainty extent obtained
by IGDT is 0.183. This result indicates that, by implementing the optimal
operational scheme, whenever the actual solar power and load demands
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Fig. 7. Ambiguity sets of solar power distribution with different data sizes.

fall within the safe regions where deviations are within 18.3% of their
predicted values, system safety is ensured and the total operational cost
will remain within the preset budget; otherwise no guarantees can be
made. For CL-IGDT, the optimal probability is 0.665. The same explana-
tion applies, but the safe regions are defined by the shortest confidence
intervals corresponding to this probability.

5.2. Ambiguity sets within proposed framework

According to the previous research in [11], as the sample size
consistently increases, the ambiguity set shrinks and the worst-case
distribution is expected to converge towards the true distribution.
Consequently, the optimal uncertainty sets obtained should become pro-
gressively shorter, thereby reducing conservatism. Fig. 7 illustrates the
ambiguity sets of solar power constructed using varying sizes of histor-
ical data and the optimal uncertainty set corresponding to each size,
given a = 0.6. Interestingly, as the data size increases, the ambiguity
set enlarges slightly in some areas (e.g., those highlighted in ellipses),
and the optimal uncertainty sets do not completely envelop the one ob-
tained from a larger data size, which appears to contradict the theory to
some extent. Upon further analysis, two reasons for this contradiction
emerge.

Firstly, the distribution’s shape can initially be rough when the data
size is small. This explains the significant change in the shape of the am-
biguity set initially, but eventually stabilizing and approaching its real
shape as more data is incorporated. Secondly, the initial sample size
may be insufficient, and thus the limited discrete points inadequately
represent the confidence level of 0.6, causing a deviation in the un-
certainty set. It is suggested that with a sufficiently large dataset, the
actual distribution and the optimal uncertainty set will be accurately
captured, thereby reducing conservatism and aligning with theoretical
expectations.

5.3. Optimal uncertainty sets of different approaches

As shown in Fig. 8(a), the uncertainty set (safe region) obtained by
CL-IGDT method is notably larger than that obtained by IGDT. Though
larger uncertainty sets can lead to higher costs, it is probabilistically
worthwhile to guarantee robustness at the expense of economic perfor-
mance. This is because the safe region of the proposed method nearly
(considering ambiguity) encompasses the scenarios with the highest
probability of occurrence, whereas the uncertainty set obtained by IGDT
is centered around its predictive value and includes some unnecessary
scenarios (those highlighted in ellipse).

In contrast, Fig. 8(b) illustrates the shorter uncertainty set obtained
by CL-IGDT than IGDT. In this case, the most probable scenarios are rel-
atively centered around its predictive value. To probabilistically ensure
economic performance, scenarios with low probabilities of occurrence
are excluded from the safe region to shorten the uncertainty set. It is
also worth noting that the differences between the uncertainty sets ob-
tained by the two approaches are reduced compared to Fig. 8(a), as the
asymmetry of the distribution is significantly mitigated. It is reasonable
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to infer that if the distribution exhibits symmetric characteristics, such
as a Gaussian distribution, the difference in uncertainty set will diminish
further, potentially becoming nearly identical. Therefore, the trade-off
between economic performance (smaller uncertainty set) and robustness
(larger uncertainty set) can be guaranteed in a probabilistic manner,
depending on the features of the data.

To further explore the superiority of the proposed uncertainty mod-
elling, the optimal intervals under different « were examined. Fig. 8(c)
shows that interval remains stable even though « increases from 0.2 to
0.5. While « reaches 0.8, this interval changes noticeably. The nonlinear
expansion of the interval occurs since the solar power is predominantly
centered around zero. For load demands without any distribution pat-
tern as shown in Fig. 8(d), the interval also expands nonlinearly rather
than linearly as in the IGDT method. This indicates that nonlinear
robustness is considered in the proposed method.

5.4. Post-evaluation of different approaches

The ‘here-and-now’ decision x is robustly optimized and serves as
the final scheme, whereas the ‘wait-and-see’ decisions y can dynami-
cally adjust in response to the realization of the uncertain scenarios. To
assess the risk-averse capability of the CL-IGDT solution, post-evaluation
is conducted on x obtained by different approaches, using 50 ran-
domly selected scenarios that were not included in the ambiguity sets.
Additionally, to evaluate the impact of historical data size on perfor-
mance, two cases with limited data—one month and six months—are
considered, denoted as CL-IGDT (limited-1) and CL-IGDT (limited-2), re-
spectively. The performance metric is the expected project budget (EPB)
[26] defined in (27), and the reliability of the solutions, which refers to
the percentage of feasible solutions.

NF
1
EPB=ch+—ZdTyn 27)
NFE n=1

where N F represents the number of common feasible solutions shared
by different approaches.

5.4.1. Considering solar power and load demand uncertainties
As shown in Fig. 9(a), the DT method incurs the highest EPB and
yields the lowest reliability. The optimal x* contributes to the lowest

first-stage cost because it is optimized solely under expected scenarios.
Without considering any potential uncertainty, the solution lacks risk-
averse capability and requires substantial adjustments to compensate for
the impact of the uncertain scenarios that were not taken into consid-
eration during the decision process, thus resulting in an extremely high
second-stage cost and the lowest reliability. In contrast, the robustness
of the IGDT solution is achieved by investing 30% more budget. By con-
sidering possible uncertain scenarios, higher first-stage cost is incurred
but a significant reduction in the second-stage cost and a substantial
increase in the reliability of the solutions are expected.

The CL-IGDT approach further reduces EPB and enhances reliability
by accounting for the asymmetric feature of uncertainties and leveraging
implicit patterns within the historical data to optimize x. Compared to
the IGDT, the proposed approach reduced the first-stage cost by 0.84%
and the second-stage average cost by 6.7%. As discussed in Section 5.3,
unnecessary robustness is avoided (which reduces the cost) while nec-
essary robustness is maintained (which increases the cost). These two
cases offset each other, so as to ensure the best trade-off between the
risk-averse capability and economic performance (which can be demon-
strated in Fig. 9(a) by the lower first-stage cost still contributing to lower
second-stage cost and higher reliability). This explains why the improve-
ment in economic performance, relative to the total operational costs, is
relatively modest, while the reliability of the solutions is fairly enhanced
by 8% compared to IGDT.

As data availability decreases, both economic performance and re-
liability of the proposed approach deteriorate. In particular, CL-IGDT
(limited-1) incurs a $382 higher EPB than IGDT but with the same re-
liability percentage due to the lack of sufficient data resulting in rough
ambiguity sets as discussed in Section 5.2. This proves IGDT’s superi-
ority in handling severe uncertainties without any information, while
given adequate data, the proposed approach achieves a better solution.

To further validate the proposed method under symmetric uncer-
tainty conditions, we conducted an additional simulation where the
uncertainty distributions were assumed to be symmetric. Specifically,
we fitted a Gaussian distribution to the historical data, and gener-
ated one year of scenarios from these fitted distributions as the input
for CL-IGDT (to construct ambiguity sets) and for IGDT (using the ex-
pected values as forecasts). The performance of both methods was then
evaluated on 50 randomly sampled scenarios. As shown in Fig. 9(b),
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Fig. 9. Post-evaluation results by different approaches. (a) Considering so-
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power and load demand symmetric uncertainties; (c) Considering solar power
asymmetric uncertainty only.

CL-IGDT

the EPB and the reliability of the solutions are nearly identical be-
tween CL-IGDT and standard IGDT. This is expected because when the
underlying uncertainty is symmetric, the confidence-level-driven uncer-
tainty set approaches the symmetric envelope-bound of IGDT, and the
probabilistic risk-averse capability of CL-IGDT aligns with the robustness
level achieved by IGDT. These results confirm that CL-IGDT general-
izes the traditional IGDT framework. From Fig. 9(a) and (b), CL-IGDT
maintains comparable performance in symmetric cases while offering
superior risk-awareness under asymmetric uncertainties. The advantage
of the proposed method is expected to become more pronounced as the
asymmetric characteristics of the uncertainties become more severe.

5.4.2. Considering solar power uncertainty

To ensure a fair comparison with an improved IGDT approach—
WIGDT [16], which fails to handle multiple uncertainties, the load
demands are fixed at their expected values and treated as determinis-
tic parameters. As shown in Fig. 9(c), the performance of WIGDT falls
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Fig. 10. Sensitivity analysis of deviation factor.

between IGDT and CL-IGDT. WIGDT accounts for the penetration levels
of solar power by integrating them into the objective function as weights.
Compared to IGDT, WIGDT offers greater flexibility, as it utilizes dif-
ferent variables to adjust uncertainty sets across different time periods.
However, since WIGDT determines weights solely based on expected sce-
narios without leveraging historical solar power data, its performance
remains inferior to the proposed method.

Additionally, a closer examination of Fig. 9(a) and (c) reveals that as
multiple uncertainties are incorporated, the performance gap between
IGDT and CL-IGDT widens, as reflected in the increase in economic per-
formance difference from 0.57% to 0.93%, and in reliability difference
from 4% to 8%. As discussed in Section 3.3, IGDT relies on a single
variable § to control uncertainty sets for different types of uncertain pa-
rameters, limiting its flexibility. The a in proposed method models the
risk-averse capability in a probabilistic manner, ensuring that the un-
certainty sets for different uncertain parameters consistently cover the
most probable scenarios.

5.5. Sensitivity analysis

The impact of the deviation factor ¢ on the objective functions of
IGDT and CL-IGDT methods is analyzed. Fig. 10 illustrates their corre-
sponding values of 6 and «, which indicate the risk-averse capability
of the optimal solutions with regard to the varying o. The risk-averse
capability increases linearly as more budget is allocated, meaning that
both approaches provide higher robustness at the expense of economical
performance. However, as discussed in Section 5.3, the uncertainty sets
of CL-IGDT increase nonlinearly even with a linear increase in «, un-
like the linear response of IGDT method. Notably, when ¢ approaches
around 0.4, the risk-averse capability plateaus for both approaches, sig-
nifying that the maximum level of robustness has been reached due to
the limited availability of dispatchable resources within the DNs. This
suggests that the risk-averse capability may further enhance if additional
dispatchable resources are considered.

Furthermore, it is worth noting that § and a determine the size of
the uncertainty set in IGDT and CL-IGDT, respectively. A larger § or «
implies a more robust and costly decision-making. Within the general
IGDT framework, the preset budget determines the maximum achiev-
able robustness level. Through the sensitivity analysis, one can observe
how the robustness level varies with the available budget, which distin-
guishes IGDT from traditional RO, where the uncertainty set size must
be predetermined.

5.6. Accuracy of the optimal solutions

The iteration method in Section 4 is used to determine the upper
and lower bounds of the objective function in (14a). To test the va-
lidity of the proposed method, different accuracy requirements were
tested. As iterations progress, the incumbent « becomes more accurate,
as Table 4 shows, thus leading to increasingly refined confidence level-
driven uncertainty sets. Additionally, as the accuracy of « improves, the
EPB decreases and the reliability of the solutions is enhanced. This in-
dicates that the incumbent solution progressively moves towards the
optimal a*. Once the preset accuracy threshold is met, the incumbent
solution is considered sufficiently optimal.
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Table 4
Accuracy of the optimal solutions.
Iterations Incumbent a  Range of a* EPB ($)  Reliability —Time (s)
1 0.6 [0.60, 0.69] 223,453  94% 2.4
2 0.66 [0.660, 0.669] 223,434  98% 5.3
3 0.665 [0.6650, 0.6659] 223,421 98% 7.5
4 0.6651 [0.66510, 0.66519] 223,404 98% 10.1

5.7. Scalability test on the 69-bus system

To examine the scalability of the proposed framework and algorithm,
a larger modified IEEE 69-bus system is implemented, as illustrated in
Fig. 11. The network parameters can be referred to in [27], and the data
for DGs and ESSs are provided in Tables 5 and 6, respectively.

To enable a clear comparison, information on the optimization mod-
els of the 33- and 69-bus systems is extracted from the Gurobi solver
logs. Since each iteration of the proposed algorithm involves solving an
MILP of identical size, Table 7 reports the model size in the first itera-
tion. As shown, the numbers of constraints and continuous and binary
variables for the 69-bus system are approximately twice those of the 33-
bus system, while the number of nonzeros is nearly tripled. Both MILP
models were solved by a branch-and-cut algorithm within Gurobi. For
such algorithms, the increase in computational complexity is mainly as-
sociated with the number of binary variables. In our case, the number
of binary variables used to control the operational modes of DGs and
ESSs does not increase dramatically with the network scale and remains
within a reasonable range, increasing by only 72 (from 130 to 202). The
number of binary variables used to activate the uncertainty intervals re-
mains the same for both networks. As a result, the computational time
increases only slightly, from 2.4 s to 3.0 s, corresponding to an increase
of approximately 25%.

The primary scalability bottleneck of the proposed framework lies in
the number of binary variables rather than in the continuous variables or
constraints, which grow approximately linearly with the network size.
It is expected that, for even larger networks, the number of constraints
and variables will continue to increase linearly. As long as the num-
ber of binary variables used to control DGs and ESSs remains within a
manageable range, the computational time of the proposed algorithm is
expected to remain acceptable, since the scalability of MILP is mainly
constrained by the combinatorial effect of binary variables.

The iterative process for the 69-bus system is summarized in Table 8.
Similar trends to those observed in the 33-bus system (Table 4) are

Table 5
DGs information for the IEEE 69-Bus System.
Label 7% (kW) p% (kW) RU (kW) RD (W) 7% (kvar) ¢ (kvar) c($)
DG1 600 100 100 100 500 —400 4.0
DG2 400 100 90 920 300 —200 3.5
DG3 250 80 60 60 200 —-150 2.5
DG4 50 10 15 15 40 -25 2.0
DG5 50 10 15 15 40 -25 2.0
DG6 600 100 100 100 500 —400 4.0
DG7 1000 200 150 150 700 —-700 5.0
Table 6
ESSs information for the IEEE 69-Bus System.
Label 75 (kW) 5 (kW) 2 (kw) e (kW) s
ESS1 40 40 200 40 0.9
ESS2 80 80 400 80 0.9
ESS3 60 60 300 60 0.9
ESS4 120 120 600 120 0.9
ESS5 120 120 600 120 0.9
ESS6 180 180 1000 200 0.9
ESS7 60 60 300 60 0.9
Table 7
MILP model size for the 33- and 69-bus systems in the first iteration.
Network Model # # # # Time(s)
Constraints  Continuous Binary Nonzeros
33-bus system  MILP 8023 7811 130 74,355 2.4
69-bus system  MILP 16,579 16,235 202 269,235 3.0
Table 8
Accuracy of the optimal solutions on the 69-bus system.
Iterations Incumbent «  Range of a* EPB ($) Reliability  Time (s)
1 0.6 [0.60, 0.69] 251,218 96% 3.0
2 0.61 [0.610, 0.619] 251,201 96% 6.2
3 0.611 [0.6110, 0.6119] 251,243  96% 9.2
4 0.6117 [0.61170, 0.61179] 251,140 96% 11.9

evident: the incumbent solution is progressively refined as the accu-
racy of a improves, leading to a more precise characterization of the
uncertainty set. Meanwhile, the cumulative computational time over

ESS4
35 36 37 38 39 40/ 41 42 43 44|45
| | | | |
| | 1 I 11 ESS6
ESS5
46 47 4&9 52 53 54 55 56 57 5859 60 61 62 63|64
| |
| | 1 |
0 1123 4 5 6 7|8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
L4 | | || | I Y I |
A1 | = | 4k | 1 B 1 I%I
50—[ 65 67
5] - 66 68 ESS1 ESS2

27 28 29 30 31 32 33 34

ESS3

Fig. 11. Modified IEEE 69-bus system.
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iterations increases slightly due to the modest growth in the number of
binary variables. Overall, these results demonstrate the scalability and
computational efficiency of the proposed framework and algorithm.

6. Conclusion

This paper proposes a CL-IGDT framework for the two-stage opti-
mal operation of distribution networks, addressing renewable energy
and demand asymmetric uncertainties. Results show that with sufficient
historical data, the proposed method achieves the best trade-off be-
tween economic performance and robustness, reducing first-stage cost
by 0.84%, second-stage average cost by 6.7%, and improving solu-
tion reliability by 8%. Otherwise, with insufficient data, confidence
level-driven uncertainty sets become inaccurate, leading to performance
deterioration. In such cases, IGDT is preferable for handling severe
uncertainties without prior information. As additional budget is allo-
cated, the risk-averse capability increases linearly (while uncertainty
sets expand nonlinearly) but finally plateaus due to limited dispatch-
able resources. The proposed methodology is validated by its ability to
achieve lower EPB and higher reliability over iterations.

The effectiveness and superiority of the proposed CL-IGDT frame-
work rely on sufficient data, the presence of asymmetric uncertainties,
and the unimodality of the underlying distributions. Unimodality guar-
antees the nestedness of the confidence-level-driven uncertainty sets
and, consequently, the monotonicity of the recourse problem. While uni-
modality is a reasonable approximation for typical load and PV data
in distribution networks, its validity may be challenged in some cases
where distributions are multimodal. In addition, temporal and geograph-
ical correlations among uncertainties are not considered in the current
framework. Incorporating such higher-fidelity modeling would enable
more informed decision-making, albeit at the cost of more sophisticated
reformulation and solution methodologies, an interesting direction for
future research.
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