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Reserve Capability Assessment Considering
Correlated Uncertainty in Microgrid

Sohail Khan, Student Member, IEEE, Wolfgang Gawlik, and Peter Palensky, Senior Member, IEEE

Abstract—This paper presents a novel approach of assessing
the required reserve capability in order to meet the forecast
uncertainty dynamics in microgrid. The historical data of fore-
cast variables is used to generate energy balance scenarios. The
dynamics of these scenarios are represented as instances between
capacity, ramp-rate and ramp-duration variables. A polytopic
model is used to enclose these instances with its surface defining
the worst case scenarios. This approach captures the correlated
nature of the dynamics and provides a compact representation. In
relevance, the capability of the generators and the power import
from the grid are modeled as convex envelopes. A vertex based
method is proposed that allocates the polytope among the resource
envelopes. During this process, the operational cost is minimized
while considering the resource location and the network con-
straints. The proposed method is examined for a microgrid test
case based on the CIGRE medium voltage network. The results
show new insights in the allocated demand and reserve capa-
bilities. As an additional result, it is observed that the reserve
requirements can be decreased by allocating reserves for each time
instance separately as compared to the fixed percentage of load
approach.

Index Terms—Microgrid, Reserve, chance constrained, opti-
mization, Markov chain, Monte Carlo, uncertainty, polytope.

NOMENCLATURE

A. Indices
i Index of the generator, from 1 to N .
t Time index, from 1 to T .
s Monte Carlo sample index, from 1 to S.
f Index of forecast cluster, from 1 to F .
u Index of uncertain variable, from 1 to nδ .
d Index of generator power, from 1 to D.
m Index of generator ramp-up rate, from 1 to M .
n Index of generator ramp-down rate, from 1 to N .
j Index of polytope section, from 1 to C.
k Vertex index of jth sub-polytope , from 1 to Vj .
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B. Sets and Parameters
Pi Max. active power rating of generator i [MW].
Qi Max. reactive power rating of generator i [Mvar].
Pi Min. active power rating of generator i [MW].
Qi Min. reactive power rating of generator i [Mvar].
(1− β) Confidence in the probabilistic result.
(1− ε) Probability of the constraint satisfaction.
Lf Probabilistic limits on the forecast cluster f .
Δ,Δi Uncertain demand, generator flexibility envelope.
δu, δu Max. and min. values of uncertain variable u.
εΔP Minimum ramp-rate tolerance [MW/h].
ki Temperature power slope of generator i [◦F/kW].
τi Thermal time constant of generator i [min].
w Duration of ramp [min].
Li, Hi Low, high thermal stress limit of generator i [◦F].

R+
i Max. ramp-up rate of generator i [MW/h].

R−
i Max. ramp-down rate of generator i [MW/h].

Gab Conductance of line between bus a and b.
Bab Susceptance of line between bus a and b.
PDa Real power demand at bus a [MW].
QDa Reactive power demand at bus a [Mvar].
Ploss Transmission loss [MW]
Ssymb Set of all the buses, generator buses and transmission

lines for symb = B,G,L in the network.
PLab

Max. active power capacity of line ab [MW].
PLab

Min. active power capacity of line ab [MW].

C. Variables
ΔP t

symb Uncertainty in the demand, wind and PV power for
symb = D,w, PV during tth hour.

ΔP t Lumped uncertainty in microgrid during tth hour.
P d
i The dth power of generator i.

R+
i,m The mth ramp-up rate of generator i.

R−
i,n The nth ramp-down rate of generator i.

P j
i Active power of ith generator against jth demand.

xj The jth demand value in microgrid.
Sj(Δ) The jth uncertainty sub-polytope of polytope Δ.
ykj , z

k
j The kth vertex coordinates of Sj(Δ), 1 · · ·Vj .

Hj
i Half-space coefficients of Sj(Δi).

rki , d
k
i The kth vertex coordinates of Sj(Δi), 1 · · ·Vj .

P t
i Active power of ith generator at time t.

Rt
i Reserve contribution of ith generator.

Qt
i Reactive power of ith generator at time t.

ei, fi Real and imaginary values of ith bus voltage.
St
i Thermal stress state of generator i.

ai, bi Cost coefficients of generator i.
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I. INTRODUCTION

T HE increase in the integration of Renewable Energy
Sources (RES) in electric distribution system has intro-

duced critical operational challenges in the recent years. The
underlying reason is the uncertain and volatile nature of the
power generated from RES [1]. This has increased the reserve
flexibility requirements in the system. Provision of the distri-
bution side resources providing flexible reserve services can
propose a local and cost effective solution [2]. Various energy
management strategies are discussed in the literature to enable
the active participation of such resources. The microgrid is con-
sidered as an attractive choice among them [3]. It provides a
platform for aggregating the reserve flexibility from resources
and can perform their coordinated control. An overview of the
control and reserve management strategies in microgrid is dis-
cussed in [4]. In [5], a stochastic energy and reserve scheduling
method is proposed considering the demand response in the
microgrid. While in [6], authors have used artificial neural net-
works for the forecasting and used the results for the reserve
quantification in microgrid. These studies focus on an interval
based approach for the reserve allocation. In this paper, a more
holistic approach is taken by modeling the uncertainty dynam-
ics. This consideration leads to the assessment of required
reserve capability in microgrid and is used as a reference during
resource allocation.

The forecasting methods can be classified as linear/nonlinear
regression, probabilistic time series and neural networks based
methods. Among them, the probabilistic time-series based
method is used in this paper. Ref. [7] uses the Markov chain to
model time series dynamics of the uncertain variable. It is used
here to model the temporal aspect of forecast uncertainty. The
spatial aspect is taken into account by clustering the forecast
data. For this purpose, a binning strategy based on the magni-
tude of forecast data is used. Other methods like k −means
[8] can be used similarly. The spatio-temporal probabilistic
model is used to generate scenarios for a day ahead power bal-
ance forecast in microgrid. The number of scenarios is selected
using chance constrained optimization theory [9]. It defines the
number of scenarios for a desired level of confidence against
uncertainty.

The dynamics of scenarios can be represented by the flexibil-
ity metrics. In [10] and [11], the first-order dynamics are mod-
eled in terms of power capacity, ramp-rate and ramp-duration
variables. Authors have used an interval based approach that
results in a hyper-rectangular model. The vertices of rectangle
represents the worst case scenarios and is used for the reserve
allocation. This approach can be useful for large systems as it
reduces the computational burden. However, it considers the
worst case ramp-rate for the maximum capacity and ramp-
duration values. Maintaining such margins can lead to a safer
operation of the system. However, in case of the microgrid
with limited resources, it may result in additional costs. While
analyzing the uncertainty dynamics, it is observed that the
ramp-rate and ramp-duration are correlated with the capacity
values. This correlation cannot be represented by the interval
based methods. In relevance, compact geometric models are of
interest. The application of such models has been reported in

the recent literature. In [12], authors have modeled the available
transfer capacity in the multi-area networks using a geometric
approach. While in [13], a polyhedral form models the region
for real time dispatchability problem. These studies further
encouraged the use of geometric models.

Among the compact envelope modeling approaches, the
ellipsoidal uncertainty model is discussed in [14]. It is of
interest as an ellipse can be represented by few parameters.
However, in order to complete the envelope it encloses the
negative ramp-duration region, whereas, the duration is a non-
negative variable. The intersection of an ellipse with the half
space extending along positive ramp duration results in a poly-
hedral structure. Thus the advantage of using ellipse is no more
valid. In comparison, polytope is a compact representation of
the uncertainty space that we use in this work.

The allocation of reserves according to the uncertainty
dynamics requires the modeling of resource capability in rel-
evance. The controllable generation resources considered here
are the Distributed Generators (DGs) and the power import
from the main grid. Ref. [15] and [16] discusses the dynamic
ramp-rate model of generator. In these papers, authors have
discussed the economic advantage of using dynamic ramp-
rate as function of the thermal stress on rotor. The study
reveals that while operating a generator with-in its thermal lim-
its the ramp-rate can be defined as a dynamic value without
causing additional costs. Using this work, the generator capa-
bility is modeled by a convex envelope among the dynamics
variables. Demand polytope is then allocated among the gen-
erator envelopes in the resource allocation process. A vertex
based allocation method is presented for this purpose. It opti-
mizes for the cost while considering the resource and network
constraints. The assumptions considered are: 1) the probabilis-
tic distribution function of the forecast error is not available
therefore a non-parametric approach is used; 2) the generators
are operated within thermal limits therefore the depreciation
of machine is not considered; and 3) polytopes model the
forecast uncertainty and generator capability with sufficient
compactness.

The uncertainty dynamics considerations can be particu-
larly relevant to the microgrids operating at medium voltage
(MV) level e.g., Bornholm island microgrid [17]. Other micro-
grid projects and their control strategies are reviewed in [18].
The microgrid test case selected in this work is based on CIGRE
MV benchmark model [19], [20].

The main contributions are summarized as,
• A convex polytope approximation for modeling the

uncertain power balance dynamics resulting in a compact
representation.

• A vertex based geometric allocation method that allocates
the uncertain demand polytope between the generator
capability envelopes. The economic optimization consid-
ers the resource and network operational constraints.

The organization of paper is shown in Fig. 1. Section II
presents the modeling of uncertain power balance dynamics
and the generator capability. Section III discusses the resource
allocation methods. Section IV discuss the test case demonstra-
tion of the proposed approach. In the end, conclusion and future
work is discussed in Section V.
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Fig. 1. Overview of the method presented in the paper.

II. MODELING

This section models the desired and the available flexibility
in meeting the real power demand dynamics in the microgrid.
From Sec. II-A to II-C, a methodology is proposed to model
the power balance dynamics. The operational capability of the
generator is modeled in Sec. II-D.

A. Stochastic Constraint Formulation

The forecast variables considered here are the load, real
power generated from the wind-farm and PV. The lumped
uncertainty of the power balance in microgrid is given as,

ΔP t = ΔP t
D − (

ΔP t
w +ΔP t

PV

)
. (1)

The power balance equation is,

N∑
i=1

P t
i = P t

D − (
P t
w + P t

PV

)
+ Ploss. (2)

The operational limit constraint of the generator i is,

Pi ≤ P t
i ≤ Pi. (3)

The spinning reserve constraint is given as,

Rt
i ≤ Pi − P t

i , (4)
N∑
i=1

Rt
i ≥ ΔP t. (5)

Eq. 4 constrains the reserve contribution of generator i within
the power limits. While, Eq. 5 states that the available spinning
reserve should at least meet the lumped uncertainty.

The stochastic nature of uncertainty in Eq. 5 makes the
constraint probabilistic. The generic structure of optimization
problem involving probabilistic constraint is given as,

min
x∈Rnx

J(x),

s.t.: P

(
δ ∈ Δ | max

s=1,...,M
gs(x, δ) ≤ 0

)
≥ (1− ε). (6)

Here, J : Rnx → R is the objective function and gs : R
nx ×

Δ → R are M inequality constraint functions involving the
uncertainty δ ∈ Δ ⊆ R

nδ . Δ corresponds to the uncertainty
envelope from which the δ instances are drawn. Any constraint
satisfying Eq. 6 is referred as ε level feasible solution [9]. This
value is related to the number scenarios (S) generated in order
to approximate the uncertainty envelope Δ. The large value of

S implies greater chance for the inclusion of the rare forecast
error scenarios.

Among the various stochastic optimization methods, chance
constrained optimization is selected for this work. The key ben-
efit of this method is that it does not require the information
about the probability distribution of the stochastic variables and
their mutual correlation. By using this method a set of worst
case scenarios is generated with a certain degree of confidence.
For a given constraint satisfaction level (1− ε) ∈ (0, 1) and
confidence (1− β) ∈ (0, 1), S is selected according to [9],

S ≥ 1

ε

(
e

e− 1

)(
ln

(
1

β

)
+ 2 ∗ nδ − 1

)
. (7)

Here, e is the Euler constant and nδ is the number of uncertain
variables. This approach yields a probabilistic level of accuracy
and confidence in quantifying the uncertain region.

For the un-correlated uncertain variables, Δ can be repre-
sented by a Bounding-Box (BB) B∗ := ×nδ

u=1

[
δu, δu

]
. Here,

B∗ is the extremum of uncertain variable δu as discussed in [9].
Thus Eq. 6 becomes,

min
x∈Rnx

J(x),

s.t.: max
s=1,...,M

max
δ∈B∗∩Δ

gs(x, δ) ≤ 0. (8)

Here, M inequality constraints are satisfied for the maximum
values of the uncertainty δ which are the vertices of B∗ [10]. In
this work, a convex envelope in the form of polytope is used to
model the uncertainty region. It yields to,

min
x∈Rnx

J(x),

s.t.: max
s=1,...,M

max
δ∈Δ

gs(x, δ) ≤ 0. (9)

Here, the inequality constraint formulation is for the uncer-
tainty (δ) within the envelope (Δ). Similarly, Eq. 5 must be
satisfied for ΔP t ∈ Δ. The Δ is obtained using number of sce-
narios from Eq. 7 and is therefore probabilistic. Hence, Eq. 5 is
given as,

P

(
N∑
i=1

Rt
i ≥ ΔP t

)
≥ (1− ε). (10)

Eq. 10 states that if the reserve is sufficient to address the
uncertainty envelope Δ constructed using S scenarios, then the
reserve constraint is satisfied with (1− ε) probability.

B. Uncertainty Scenario Generation

In order to combine the uncertainty from variables, it is
taken as the percentage deviation from the forecast value. While
analyzing the historical data, it is observed that the % error
is related to the forecast level. Such that, high forecast level
has a smaller % error as compared to low level. Thus, a sin-
gle probabilistic model cannot be applied to represent error in
the forecast values. Therefore, the forecast data is divided into
clusters. A binning strategy based on the magnitude is used
to categorize the forecast data in clusters. It is assumed that
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the probability distribution of the error in each cluster is not
known. Hence, a non-parametric probability density approach
is applied. The empirical Cumulative Distribution Function
(eCDF) from [10] used in this work.

The temporal correlation between the forecast time-series
data is captured by a second order Markov chain. For this
purpose, the Transition Probability Matrix (TPM) is derived
using work in [7]. The three dimensional matrix captures the
probability of an error state given the two previous states. An
algorithm considering the spatio-temporal aspects is presented
in Alg. 1. It is used to generate the power balance scenarios in
microgrid.

Algorithm 1. Uncertainty Modeling

1 Categorize the forecast data in F clusters based on the
magnitude;

2 Obtain eCDF of the forecast error in each cluster;
3 for f := 1 · · ·F do (Forecast error limit loop)
4 Sample the eCDF of f th cluster S times;
5 Save boundary values as stochastic error bounds Lf ;
6 end
7 Model the forecast error time-series correlation by deriving

the Transition Probability Matrix (TPM) for second order
Markov chain;

8 for s := 1 · · ·S do (Forecast realizations loop)
9 Assume initial states of error at t = 1, 2;

10 for t := 3 · · ·T do (Time periods loop)
11 Use uniform random number generator to generate a

probability value;
12 Find the tth error state by checking the probability

value on the axis defined by the previous two error
states on TPM;

13 Bound the tth state by the limits of corresponding
forecast cluster h(t) given as Lh(t);

14 end
15 end

C. Uncertainty Envelope Model

Various compression algorithms are used in the literature for
extracting the dynamics of a curve. Algorithms like box-car,
averaging and Swinging Door Algorithm (SDA) are discussed
in [21]. Inspired from [10], SDA is selected for this work.
The working principle of this algorithm is shown in Fig. 2. It
is applied to the scenarios and it leads to pivot-points. Each
pivot-point defines the dynamics in terms of three variables, the
capacity (ΔP = π), ramp-rate (ρ1−3) and the ramp-duration
(μ). The sensitivity of the approach is based on the toler-
ance εΔP . It is related to minimum ramp-rate limit of the
participating generators. A polytope is modeled to enclose
the pivot-points. It extends the probabilistic confidence from
Eq. 7 to the surface of polytope. The consideration of poly-
tope as a representative of uncertainty dynamics results in the
satisfaction of constraint in Eq. 10.

A polytope is a convex and compact set given as an intersec-
tion of finite number of closed half-spaces. The H representa-
tion or the hyper-plane definition is given as,

P = {x ∈ R | P xx ≤ P c} . (11)

Fig. 2. A data compression algorithm called “swinging door” is re-plotted from
[10]. It is used to extract the first order dynamics of the curve. The sampled
values of lumped uncertainty ΔP t are shown here by the points 1− 4. With
each iteration a parallelogram is drawn with the desired sensitivity εΔP . The
parallelogram is checked to contain all the previous points. Which is true in
case of abcd. However, at t = 4 the point 3 lies outside abef . The point 3 is
termed as the pivot point. It is represented by magnitude (π), ramp-rate (ρ1−3)
and the ramp-duration (μ).

It can also be defined by the V definition [22],

P =

[
x ∈ R | x =

υP∑
i=1

miV
i
P ,m ∈ [0, 1] ,

υP∑
i=1

mi = 1

]
(12)

Here, V
(i)
P is the ith vertex of P and υP is the total num-

ber of vertices (pivot-points). The polytope P can be divided
into two sub-polytopes based on the sign of power. The sub-
polytope having non-negative value of the power represents
local demand dynamics. These dynamics needs to be allocated
among the generators in microgrid. The other sub-polytope
models the dynamics of power export to the grid. Here, demand
polytope is focused and is referred as Δ.

The vertices of Δ defines the worst case scenarios of power
demand. The limited number of vertices may not be suffi-
cient for the resource allocation process discussed in Sec. III.
Therefore, Alg. 2 is used to find the required number of
points on the surface of Δ. The process sections Δ into C
sub-polytopes along the demand axis. The coordinates of the
sub-polytope are given as [xj y

k
j zkj ]. Here, xj is the jth capac-

ity/power among C capacity values and (ykj , z
k
j ) is the kth ver-

tex among Vj vertices. Vj vertices of Sj(Δ) represents the max-
imum ramp-rate and ramp-duration values for the demand xj .

Algorithm 2. Sectioning of polytope (Δ)

1 Compute the bounding box around Δ;
2 Based on desired spacing divide the power axis interval into

C equidistant points (xj);
3 for j := 1 · · ·C do (Polytope sectioning loop)
4 For each xj define an orthogonal hyper-plane;
5 Intersect Δ with the hyper-plane leading to polygon

Sj(Δ);
6 end

D. Generator Capability Modeling

The generator capability modeling is used to assess the maxi-
mum flexibility that can be obtained in terms of the active power



KHAN et al.: RESERVE CAPABILITY ASSESSMENT CONSIDERING CORRELATED UNCERTAINTY IN MICROGRID 641

ramp-rate. The fatigue curves from the generator manufacturer
represents thermal stress on the turbine shaft as a function of the
ramp-rate. Generator ramp-rate limits are transformed to ther-
mal stress elastic limits from the fatigue curve data.In [16], the
thermal state of the generator is modeled as function of the pre-
vious thermal state (decaying term) and thermal contribution
due to the ramp process (growth variable). The fatigue curves
assume thermal equilibrium at initial point and a constant ramp-
rate [15]. Therefore, the decaying term is neglected resulting in
a simplified form given as,

St
i = kiτi

(
1− e−w/τi

)
[Pi(t)− Pi(t− 1)]/w. (13)

In terms of ramp-up rate (RUi), the shift in power is,

Pi(t)− Pi(t− 1) = wRUi , (14)

leading to the thermal state of generator given as,

Si = kiτiRUi

(
1− e−w/τi

)
. (15)

Same approach can be used for the ramp-down rate (RDi) as
well. The thermal limits of the stress in both directions are,

−Li ≤ Si ≤ Hi, i = 1 · · ·M. (16)

The per-hour maximum ramp-up and ramp-down rate
(R+

i , R
−
i ) are obtained by solving Eq. 15 for thermal limits

and ramp duration (w = 60 min) given as,

Hi = kiτiR
+
i

(
1− e−60/τi

)
, (17)

Li = kiτiR
−
i

(
1− e−60/τi

)
. (18)

In the next step, equidistant points of the power (P d
i ), ramp-

up (R+
i,m) and ramp-down rate (R−

i,n) of generator i are taken
from the intervals,

Pi ≤ P d
i ≤

(
Pi −R+

i

)
, 0 ≤ R+

i,m ≤ R+
i , (19)

Pi ≥ P d
i ≥ (Pi +R−

i ), 0 ≤ R−
i,n ≤ R−

i . (20)

Eq. 19 describe the range for selecting the power and ramp-
up rate that can be assigned to generator i. Similarly, Eq. 20
describe interval for the ramp-down rate. Maximum ramp dura-
tion (w) is calculated for each pair of power (P d

i ) and ramp-up
rate (R+

i,m) by solving,

max w , (21a)

s.t. : kiτiR
+
i,m

(
1− e−w/τi

)
≤ Hi , (21b)(

R+
i,mw + P d

i

) ≤ Pi . (21c)

The point [P d
i R+

i,m w] defines a boundary instance in genera-
tor envelope for the positive ramp domain. Similarly maximum
ramp-duration is found for each pair of the power (P d

i ) and
ramp-down rate (R−

i,n) by solving,

max w, (22a)

s.t. : kiτiR
−
i,n

(
1− e−w/τi

)
≥ Li , (22b)(

P d
i −R−

i,nw
) ≥ Pi . (22c)

The process is repeated for all pairs of capacity and ramp-
up/down values leading to points in the space. A convex
envelope (Δi) then encloses these points defining the capability
limits of generator i.

III. RESOURCE ALLOCATION

In this section, the decomposition of uncertain demand enve-
lope (Δ) among the generator capability envelopes (Δi) is per-
formed. The area of computational geometry provides insights
in the space allocation methods [23]. One of the method is to
model the allocation process as an optimization problem with
Δ defined in the hyper-plane representation. It is found that
the corresponding allocation process involves non-convex scal-
ing along ramp-rate and ramp-duration axes. While, Minkowski
sum can be relevant for the demand allocation process. In
comparison, a vertex based allocation method is developed. It
facilitates the modeling of constraints on individual variables.
The allocation of Δ among resources is a deterministic process.
During which, the power import from the main grid is used as a
slack resource. Δ is decomposed in two steps, the demand and
dynamics allocation.

A. Demand Allocation

In this process, the range of the Δ along power axis is divided
into desired number of equidistant points C. Here, each point
is a demand value termed xj . Each xj is dispatched among the
resources by solving,

min
N∑
i=1

[
aiP

j
i + bi(P

j
i )

2
]
, (23a)

s.t. : ∀ i = 1 · · ·N, j = 1 · · ·Vj

Power balance constraint,
N∑
i=1

P j
i ≥ xj , (23b)

Generator active power limits,

Pi ≤ P j
i ≤ Pi, i ∈ SG , (23c)

Generator reactive power limits,

Qi ≤ Qj
i ≤ Qi, i ∈ SG , (23d)

Power flow equations,

PGa −
∑
b∈SB

[ea(ebGab−faBab)+fa(fbGab+ebBab)] =PDa

QGa−
∑
b∈SB

[
fa(ebGab−faBab)−ea(f

t
bGab+ebBab)

]
=QDa

a ∈ SB i.e., ∀a 	∈ SG ⇒ PGa, QGa = 0 , (23e)

Transmission line constraint,

PLab
≤ PLab

≤ PLab
,

where,

PLab
=

[
e2a + f2

a − eaeb − fafb
]
Gab

+ (eafb − ebfa)Bab , ab ∈ SL , (23f)

Bus voltage limit constraint,
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Va
2 ≤ (

e2a + f2
a

) ≤ Va
2
, a ∈ SB . (23g)

The constraints in Eq. 23c and 23d ensures the consideration
of generator active and reactive power limits. While, the trans-
mission line and voltage limit constraints in Eq. 23f and 23g
incorporates the location and operational aspects.

B. Dynamics Allocation

The polytope Δ is sectioned at each demand value xj using
Alg. 2 resulting in C sub-polytopes (Sj(Δ)). Here, the vertices
of Sj(Δ) represents the ramp-rate and ramp-duration. In the
first step, the polytope of each generator Δi is sectioned at the
assigned power P j

i leading to the sub-polytopes Sj(Δi). The
allocation is then performed for each vertex k of Sj(Δ), where
k = 1 · · ·Vj . The kth vertex of Sj(Δ) is given as [ykj zkj ]. The
corresponding generator vertices (gki = [rki dki ]) are found by
solving,

min
N∑
i=1

[
ai(r

k
i d

k
i ) + bi(r

k
i d

k
i )

2
]
, (24a)

s.t. : ∀ i = 1 · · ·N, k = 1 · · ·Vj ,

Hj
i

[
gki
−1

]
≤ Sj(Δi), (24b)

N∑
i=1

rki d
k
i ≥ ykj z

k
j . (24c)

Here, Eq. 24a is the quadratic cost assigned to displacement in
power of generator i. Eq. 24b constrains the generator i vari-
ables to be within the sub-polytope space. While, Eq. 24c is
the power balance constraint. The result of the optimization
problem are allocated vertices given as [P j

i rki dki ]. A polytope
encloses the allocated vertices of each generator.

C. Scalability

The formulation in Sec. III-A is similar to that of the Optimal
Power Flow (OPF) problem [24]. The time complexity in solv-
ing OPF can be attributed to the problem size and the solver
used. Primal Dual Interior Point method is used to solve Eq. 23.
In Sec. III-B, Eq. 24 is the function of number of inputs (N) and
their size (resource capability envelope). An addition of a gen-
erator adds

∑C
j=1 Vj constraints to the problem. Eq. 24b restrict

the vertex (gki ) assigned to a generator within its envelope. The
size of Sj(Δi) defines the search space and influences the com-
putational time. However, it is independently applied for each
generator. Thus, the complexity of this equation increases lin-
early with N . The coupling between generators appears as a
linear combination in Eq. 24c and it scales accordingly. The
structure of this constraint is bilinear. Hence, branch and bound
algorithm is used to solve Eq. 24.

IV. RESULTS

A. Test Case Data

The microgrid test-case is based on CIGRE MV benchmark
[19], [20], European configuration. The network is modified to

Fig. 3. CIGRE MV distribution network [19] modified as microgrid.

Fig. 4. Wind farm model.

include distributed generation as shown in Fig. 3. The transmis-
sion line parameters and the nominal load data can be seen in
Appendix C of [25].

A wind-farm consisting of 7 wind turbines is connected to
MV network by a tie-line shown in Fig. 4. Each wind turbine
is rated 2.78 MVA and operated at 0.9 power factor. The wind
turbines are connected by a step-up transformer of equal ratings
to 20kV bus. A capacitor bank is installed to improve the power
factor. A wind farm controller allocates the reactive power to
each wind turbine based on the overall active power generation
at the tie-line. The probabilistic model of wind power output is
derived from the historical time-series data using Alg. 1.

The load buses in the MV network are equipped with PV
generation as shown in the Fig. 3. The nominal apparent power
rating of the PV connected to each bus is given in Table I.

Two generators are connected to bus 8 and 12. They are
operated by natural gas and provide necessary backup dur-
ing the islanded mode operation of microgrid. In the grid-
connected mode, they contribute to the demand and ancillary
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TABLE I
PV DATA (Snom [KVA], POWER FACTOR = 0.8)

TABLE II
SYSTEM DATA

services requirements. The thermal generation cost (T ) is
3.45 [$/MMbtu]. The operational cost is given as,

Cost(Pi) = Heat rate(Pi)× T , (25a)

Heat rate(P ) = aiPi + biP
2
i . (25b)

The cost coefficients (ai, bi) are derived by fitting a sec-
ond order polynomial to the historical data of generator output
power vs. heat rate. The generator specifications are given in
Table 2.

The dynamic ramp-rate limits of generators are derived using
the approach discussed in Sec. II-D. However, static ramp-rate
limits are considered for the power exchange with the HV grid.

The peak values [Pmin Pmax] for the demand are [10 41],
power from the wind-farm [6 17] and PV [0 7] in MW. The
historical data of power from wind-farm and PV is obtained
from [26] and for load from [27]. It is normalized with respect
to the use-case ratings.

B. Uncertainty Modeling

For a day ahead forecast, Alg. 1 is applied to generate
S uncertainty realizations. Eq. 7 with the parameters β =
10−4, ε = 0.1 and nδ = 1 is used to generator 162 scenarios.
Fig. 5 shows the % error with respect to the forecast level.
Significant variation of error is observed along the forecast level
hence validating the clustering approach. A binning strategy is
used to categorize the error values in each cluster. The eCDF of
forecast error in each cluster is obtained and used in method as
discussed in Alg. 1.

The spatial diversity of uncertainty in the power balance is
shown in Fig. 6. Here, various levels of uncertainty defines
the percentage deviation from the forecast value. The tempo-
ral correlation is modeled by a second order Markov chain as
discussed in Sec. II-B and is shown in Fig. 7.

Fig. 5. The forecast level of each variable is divided into 12 levels. The figure
shows % error of the stochastic variables obtained by sampling the eCDF
of each forecast cluster S times. This diversity in error limits validates the
clustering approach adopted in Alg. 1.

Fig. 6. The levels of uncertainty shows the % deviation of the uncertain power
balance realizations from the day ahead forecast in the microgrid. The width of
each level corresponds to the probability of occurrence of error. The result is
based on the Monte Carlo simulations performed S times.

Fig. 7. The graph shows horizontal correlation between the power balance
states as obtained by second order Markov chain. The actual curve is likely
to follow the forecast trends with a certain probability that is the function of S
and the order of Markov chain.
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Fig. 8. A convex polytope encloses the points with its surface representing the
worst case scenario. A BB is plotted for comparison with the polytope. It shows
that substantial volume of the uncertain region can be reduced by the polytope
approximation.

Fig. 9. This figure shows the projections of polytope and BB on x− y and
y − z axes. (a) The ramp-rate requirement is shown as function of the power
with lower demand experiencing higher ramp-up rate. Maximum ramp-down
rate of 20 MW/h is probable at the capacity of 20 to 30 MW. While the ramp-
up rate can get a maximum value of 18 MW/h when the demand is between
-2 and 16 MW. (b) This graph shows a relationship between the ramp-duration
and ramp-rate. Small values of ramp-rate are likely to be more sustained then
large values.

C. Polytope Formulation

In this section the SDA from Sec. II-C is applied to the
power balance dynamics obtained from the previous section.
A convex polytope encloses the pivot-points as shown in Fig. 8.
Fig. 9 shows the projections of polytope. It analyzes the ramp-
rate and corresponding ramp-duration requirement at different
power levels. It cannot be used for the volume comparison of
polytope and BB as the projections are obtained while viewing
the axes perpendicularly.

In [11], Dvorkin et al. have used a hyper-rectangular surface
enclosing the points. The comparison of hyper-rectangle and
polytope in Fig. 8 shows that volume of the polytope is 73.53 %
less than that of the hyper-cube. The hyper-cube approach

Fig. 10. Fig. (a) and (b) shows the x− y and y − z projections of the allo-
cation of Δ among Gen. 1 and 2. The allocated capability is bounded by the
operational constraints of each generator.

reflects maximum ramp-rate and the ramp-duration require-
ments for a given capacity and leads to conservative results.
The comparison indicates significant reduction in the capability
requirements can be achieved by using tighter approximation
while still full-filling the probabilistic guarantees as discussed
in Eq. 7. The confidence against uncertainty can be increased by
decreasing the values of ε and β. It shall result in higher num-
ber of scenarios leading to increase in the space bounded by
polytope. The demand polytope Δ is obtained by intersecting
the polytope from Fig. 8 with the hyper-space extending along
the positive power axis. It is then sectioned using Alg. 2 leading
to a polygon Sj(Δ) for each demand value xj along the power
axis.

The dynamic ramp-rate of a generator is modeled using ther-
mal stress model as discussed in Sec. II-D. The result is a
polytope Δi for each generator. The power import capability
polytope has a cubic structure due to the consideration of static
ramp-rate limits defined by the ratings of HV/MV transformer.
After modeling of the resource envelopes, the next step is the
allocation process.

D. Polytopic Decomposition

As discussed in Sec. III, the decomposition of Δ is performed
in two steps. In the first step, the demand xj is dispatched by
solving Eq. 23. The process is repeated C times. In the second
step, each vertex of the polygon Sj(Δ) for the jth demand is
allocated by solving optimization problem in Eq. 24. The pro-
cess results in the vertex assignment to generation resource i
given as [P j

i rki dki ]. It is repeated for the jth demand values
and the kth vertex of the polygon Sj(Δ). As a result of this
process the spaces are allocated to each generation resource.

Fig. 10 shows the allocation among local generators in the
microgrid. The optimization of individual polytope is based
on the production cost while considering the operational con-
straints. Fig. 11 shows the envelope assigned to the power
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Fig. 11. This figure shows the (a) x− y and (b) y − z projections of the poly-
tope assigned to power import from main grid. It provides a reference for the
resource planning in the microgrid.

Fig. 12. The figure shows the projections of polytopes assigned to Gen. 1 and
2. The “assigned” areas are the generator polytopes against day-ahead demand
forecast. The allocated polytopes Δi includes both the “assigned” and the
“reserve” areas. While the “available” region shows the capability polytopes
of generators. The space between “reserve” and “available” marks the un-used
dynamic capability of a generator.

import from the main grid. It can be used in the resource plan-
ning for the islanded-mode operation of microgrid. Such that
the fast and slow ramping units can be allocated with associated
ramp duration capability.

Fig. 12 provides an insight in the capability utilization of
Gen. 1 and 2. The projections of enclosed polytopes shows the
comparative analysis of demand and reserve allocation among
generators. The approach provides insights into the assigned,
reserve and the available capabilities. It can be extended to the
contingency reserve planning in microgrid. In case of a gen-
erator contingency the respective capability envelope shall be
allocated among the remaining resources in a similar way. The

Fig. 13. Comparison of the reserve requirements for the day-ahead fixed and
the dynamic range based approaches. It shows that the reserve requirement can
be decreased while still covering the uncertainty with a probability defined in
Eq. 7.

transmission line and bus contingencies can be incorporated
during the allocation process as discussed in Sec. III-A.

E. Cost Analysis

In [28], authors have used maximum deviation from the
day-ahead forecast as a reserve reference for the scheduling
of up and down-spinning reserves. This approach assumes
fixed uncertainty at all power levels. However, the proposed
approach allows for the consideration of dynamic value of the
uncertainty. It is obtained from the worst case limits of the
power balance scenarios generated by the Monte Carlo simula-
tions. Fig. 13 compares the limits associated with the fixed and
dynamic reserve allocation approaches. The result shows 27 %
reserve requirement can be reduced by dynamic dispatch of
reserves as compared to fixed percentage of load ramp-up/down
reserve approach.

V. CONCLUSION

Maintaining adequate reserve is essential for secure opera-
tion of the microgrid. In this paper, Monte Carlo simulations are
used to obtain the uncertain power balance scenarios. The first
order dynamics of these scenarios are modeled as instances in
the space. A polytopic envelope compactly enclose these points
providing a mechanism of the uncertainty quantification. The
polytope represents overall demand and its uncertainty in the
microgrid. In relevance, the capability envelopes of the gener-
ators are modeled with dynamic ramp-rate consideration. The
demand polytope is then optimally allocated among the genera-
tor capability envelopes based on the incremental cost. This step
allocates the dynamics of demand and reserves against fore-
cast uncertainty. The result is an economic allocation of the
reserve capability among the resources. In addition, the enve-
lope assigned to the power import from the grid facilitate the
resource planning in microgrid with the dynamics under con-
sideration. In the end, a comparison of fixed vs dynamic reserve
allocation in a standard day-ahead dispatch reflects the eco-
nomic improvements. The proposed approach can be extended
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to model the inter-dependency of demand and resource capa-
bilities. Other resources like electric vehicles, storage and
demand-side models can be incorporated in this regard.
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